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Abstract
We introduce the infinitesimal symmetries of Dixmier-Douady gerbes
over a manifold M , both with and without connective structures and
curvings. We explore the algebraic structure possessed by these sym-
metries, and relate them to equivariant gerbes via a “differentiation
functor”. In the case that a gerbe G is equipped with a connective
structure A, we give a new construction of the Courant algebroid as-
sociated to (G,A) in terms of the infinitesimal symmetries of (G,A).
1 Introduction
Dixmier-Douady gerbes over a manifold M are geometric representa-
tives of elements in the third integral cohomology of M : equivalence
classes of gerbes are in one-to-one correspondence with elements of
H3(M,Z) [7]. One advantage of working with the gerbes themselves,
as opposed to their equivalence classes, is that geometric objects have
symmetries. In this paper we explore the infinitesimal symmetries of
gerbes. We investigate the structures that the collection of these sym-
metries possesses, and how they relate to the geometry of M .
Various models of symmetries of gerbes exist in the literature. On
the one hand, various models of equivariant gerbes (i.e. gerbes with
families of non-infinitesimal symmetries) have been developed by dif-
ferent authors [7][8][11][16]. On the other hand, as explained in [15],
starting from a gerbe G with connective structure A over M , one can
construct an exact Courant algebroid E(G,A) over M . As pointed out
by a number of authors [6][13][20], this construction is analogous to
the construction of the Atiyah algebroid associated to a principal circle
bundle P → M . As discussed below, sections of the Atiyah algebroid
are infinitesimal symmetries of P , so by analogy it has been suggested
that E(G,A) should encode the infinitesimal symmetries of the gerbe
with connective structure. Furthermore, it follows from the work of
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[21] that any Courant algebroid canonically determines a 2-term L∞-
algebra [19]; this is the type of algebraic structure one might expect
to describe the symmetries of a gerbe. The authors of [6] point out
that this analogy between the Atiyah algebroid and the Courant al-
gebroid E(G,A) is somewhat formal, however, and they remark that it
would be desirable to have a more precise understanding of the sense in
which the Courant algebroid is related to the symmetries of the gerbe.
In this paper we establish such a direct connection, giving a geomet-
ric construction of the Courant algebroid in terms of the infinitesimal
symmetries of the gerbe with connective structure.
To understand the types of symmetries in which we are interested,
consider by analogy a principal circle bundle P over M ; such a bundle
represents an element of H2(M,Z). A symmetry of P is a diffeomor-
phism Φ : P → P commuting with the action of the circle group T
on P . Such a diffeomorphism necessarily covers a diffeomorphism ϕ of
M . The group of such symmetries fits into a group extension
1 // C∞M (T)
// DiffT(P ) // DiffP (M) // 1 , (1.1)
where DiffP (M) is the subgroup of the diffeomorphisms of M which
preserve the isomorphism class of P . The infinitesimal version of this
extension
0 // C∞M (iR)
// C∞(TP )T // C∞(TM) // 0 (1.2)
is obtained by replacing DiffP (M) and Diff
T(P ) by the Lie algebras
of vector fields on M and T-invariant vector fields on P , respectively;
here we identify C∞M (iR) with the set of T-invariant vertical vector
fields on P (with trivial Lie algebra structure). Note also that vector
fields can be constructed in terms of local data, and the extension (1.2)
can be refined to an extension of sheaves over M . These sheaves may
be viewed as sections of the Atiyah sequence of vector bundles
0 // M × iR // TP/T // TM // 0. (1.3)
In particular, for each (global) vector field ξ onM , we have a principal
iR-bundle whose sections are local “lifts” of ξ to P .
Similarly, given a gerbe G over M , in this paper we consider sym-
metries of G that cover symmetries of M . For example, given a dif-
feomorphism ϕ of M , a symmetry of G lifting ϕ is an isomorphism of
gerbes
ϕˆ : G
∼=
// ϕ∗G, (1.4)
where ϕ∗G is the pull-back of G via ϕ. The collection of all such lifts
comprise the objects of a category LG(ϕ). For example, the category
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LG(idM ) of symmetries of G covering the identity on M is naturally
isomorphic to the category BundM (T) of principal circle bundles over
M . If we let Sym(G) denote the disjoint union of the categories LG(ϕ)
for ϕ ranging over all ϕ ∈ Diff(M), then both Sym(G) and BundM (T)
have the structure of coherent 2-groups [3]; for example multiplication
in BundM (T) is given by tensor product, with the trivial bundleM×T
acting as the identity. Moreover, regarding Diff(M) as a category with
only identity morphisms, it too has the structure of a coherent 2-group,
and we obtain a sequence of homomorphisms of 2-groups
1 // BundM (T) // Sym(G) // Diff(M) // 1, (1.5)
which is “exact” in an appropriate sense, here 1 denotes the category
with one object and one morphism.
The first new structure introduced in this paper is an infinitesimal
version of the category Sym(G), which we call LG . More generally, we
define a sheaf of groupoids LG overM of infinitesimal symmetries of G
whose category of global sections is LG . This sheaf, which is analogous
to the vector bundle TP/T in the circle bundle case, is equipped with
a surjective projection functor π : LG → TM , where the sheaf TM
is considered as a sheaf of groupoids with only identity morphisms.
Furthermore, for each vector field ξ on M , the subsheaf LG(ξ) of sym-
metries of G projecting to (restrictions of) ξ is a gerbe with band iR;
in the case ξ = 0 this gerbe is naturally isomorphic to the trivial gerbe
B(iRM ) of principal iR-bundles over M . Although we do not develop
this definition in detail, both LG and B(iRM ) should be regarded as
“sheaves of coherent Lie 2-algebras,” and we have a sequence
B(iRM ) // LG // TM. (1.6)
In the case of a circle bundle P → M , one way of relating non-
infinitesimal symmetries to infinitesimal ones is via differentiation.
Given a 1-parameter subgroup t 7→ ϕt of Diff(M), we may differen-
tiate at t = 0 to obtain a vector field ξ on M . If {ϕˆt} is a 1-parameter
subgroup of DiffT(P ) covering {ϕt}, then differentiating at t = 0 gives
a T-invariant vector field ξˆ on P covering ξ. In the case of a gerbe
G →M , there is category LG({ϕt}) of lifts of {ϕt} to G. We construct
a “differentiation” functor
D : LG({ϕt})→ LG(ξ), (1.7)
where LG(ξ) is the category of global sections of LG lifting ξ. Further-
more, we prove that, restricted to a suitably small open set on M and
suitably small t, D gives an equivalence of categories. This is analo-
gous to the statement in differential geometry that every vector field
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on a manifold can locally be integrated to a unique flow. It justifies
our assertion that LG encodes the infinitesimal symmetries of G.
One advantage of our approach is that it elucidates the role played
by connective structures and curvings on G, which together generalize
the notion of a connection on a principal T-bundle. Note in particular
that the construction of the Courant algebroid E(G,A) depends upon
the choice of a connective structure, whereas the construction of the
Atiyah algebroid (1.3) makes no reference to a connection on P . Con-
nective structures and curvings enter our picture in two distinct, but
related, ways. First, recall that a connection Θ on P is equivalent to a
splitting of the Atiyah sequence (1.3) of vector bundles. Furthermore,
at the level of global sections, each term in the extension (1.2) has
the structure of a Lie algebra with respect to the bracket operation
(vertical vector fields commute so that bracket on C∞M (iR) is trivial).
Θ produces a linear splitting of the exact sequence (1.2), and the cur-
vature of Θ measures the failure of this splitting to be a splitting of
Lie algebras.
Similarly, in §8 we construct operations on LG analogous to those
possessed by a Lie algebra. This structure is most concretely described
in a Cech-type picture relative to a collection of local trivializations for
G, and we therefore introduce a Cech version Lgijk of the category of
infinitesimal symmetries. The category Lgijk then obtains the struc-
ture of a Lie 2-algebra, or alternatively a 2-term L∞-algebra [1]. We
can also regard C∞(TM) as a Lie 2-algebra, and from this point of
view we have a strict extension of Lie 2-algebras (as defined in [20])
Lgijk (0) // Lgijk // C
∞(TM), (1.8)
where Lgijk (0) is the set of lifts of the zero vector field in the Cech
picture. As we explain in §9, a connective structure on G determines a
linear splitting of the extension (1.8), sending each vector field ξ on M
to its “horizontal lift” ξˆh. Given a pair of vector fields ξ, η ∈ C∞(TM),
without additional structure there is no natural way to compare [ξˆh, ηˆh]
to [ξˆ, ηˆ]h. We then observe that such data is essentially equivalent to
a curving K for A. The curvature 3-form of K (or more precisely
its de Rham cohomology class) acts as an obstruction to splitting the
sequence (1.8) on the level of Lie 2-algebras.
One can also consider the collection of gerbes with connective struc-
ture over M as a 2-category in its own right. In particular, given a
gerbe G with connective structure A we next study the infinitesimal
symmetries of G which take A into account. These form a sheaf of cat-
egories L(G,A), which may also be considered an analogue of TP/T in
the circle bundle case. If we denote by Bˇ(iRM ) the (stack) of principal
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iR bundles over M with connection, we have a sequence
Bˇ(iRM )
// L(G,A) // TM. (1.9)
We denote the category of global sections by L(G,A) and refer to its
objects as connective symmetries. There is a forgetful functor
L(G,A) → LG , (1.10)
and we prove that the set of connective symmetries extending a given
element of LG is a torsor for global 1-forms on M . We extend most of
the results and constructions given earlier to the connective case. In
particular there is a Cech model L(gijk ,Aij) which is a Lie 2-algebra.
In the last section we give a construction of the Courant algebroid
E(G,A) in terms of the infinitesimal connective symmetries of (G,A),
and compare this construction to that given in [15]. The construction
(at the level of global sections) is roughly as follows. As mentioned
above, there is a forgetful functor π : L(G,A) → LG such that, for each
ξˆ ∈ LG the set of objects π
−1(ξˆ) ⊂ L(G,A) exending ξˆ is a torsor for
1-forms on M . On the other hand, for each vector field ξ on M the
connective structure A determines a horizontal lift
ξˆh ∈ LG , (1.11)
and thus for each vector field ξ we may define
Eξˆ = π
−1(ξˆh) ⊂ L(G,A)(ξ). (1.12)
By the above, the set Eξˆ form a torsor for 1-forms on M . Taking
the disjoint union of the sets Eξ as ξ ranges over all vector fields on
M , we obtain a C∞M -module
1 E(G,A) fitting into an exact sequence of
C∞M -modules
0 // C∞(T ∗M) // E(G,A) // C∞(TM) // 0. (1.13)
Given a pair of vector fields ξ, η, and a pair of connective lifts ξˇ, ηˇ ∈
E extending ξˆh, ηˆh, their bracket [ξˇ, ηˇ] in the category L(G,A) is not
itself a connective extension of [ξ, η]h, i.e. is not an element of E[ξ,η].
On the other hand, [ξˇ, ηˇ] is naturally isomorphic to an element [ξˇ, ηˇ]E ∈
E[ξ,η], where the bracket [·, ·]E corresponds to the Courant bracket. We
also construct a non-degenerate symmetric bilinear pairing
〈·, ·〉 : E × E → C∞M (1.14)
which is suitably compatible with the bracket [·, ·]E and the projection
to C∞(TM).
1we could easily generalize our methods to construct a sheaf of modules
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The construction of the Courant algebroid in [15] is given in terms
of Cech data {gijk, Aij} for (G,A). We explain how this Courant alge-
broid, which we denote E(gijk,Aij), is related to the C
∞
M -module E(G,A)
described above. One consequence of this analysis is that we obtain
an isomorphism of Lie 2-algebras
LE(gijk,Aij )
∼=
// L(gijk ,Aij), (1.15)
where LE(gijk,Aij) is the 2-term L∞-algebra constructed from E(gijk ,Aij)
using the results of [21] and [19]. Since the proof that L(gijk ,Aij) is
an L∞-algebra follows almost immediately from its construction, the
isomorphism (1.15) gives some intuition as to the origin of the L∞-
structure on LE(G,A) .
The outline of the paper is as follows. In §2 we review the geometry
of vector fields on principal T-bundles; this material serves as a useful
point of reference for the remainder of the paper. In §3 we explain
some constructions involving torsors for sheaves of abelian groups. In
§4 we review basic definitions and results involving gerbes, in partic-
ular emphasizing maps between gerbes with different band, as well as
the the 2-categorical structure possessed by the collection of gerbes
over a fixed manifold M . In §5 we introduce our definition of the cat-
egory of infinitesimal symmetries of a gerbe G over M , motivated by
the circle bundle case and some ideas from algebraic geometry. In §6
we explain how infinitesimal symmetries appear in the Cech picture,
taking pains to compare this approach to our initial definition. In §7
we explain the local relationship between 1-parameter symmetries of G
and infinitesimal symmetries. In §8 we examine the algebraic structure
of the category of infinitesimal gerbe symetries, in particular introduc-
ing operations of addition, scalar multiplication and the Lie bracket.
We use these operations to give Lgijk the structure of a 2-term L∞-
algebra. In §9 we introduce connective structures and curvings, and in
§10 introduce infinitesimal connective symmetries. §11 generalizes the
discussion in §7 to the connective case. Finally, in §12 we discuss the
relationship between connective symmetries and Courant algebroids.
There are two appendices which contain some of the more technical
arguments. Appendix A goes into more detail about the relationship
between 1-parameter families of gerbe symmetries and infinitesimal
symmetries. In appendix B we recall the precise definitions related to
the 2-category of gerbes. We use this material to prove some results
from the main text.
Remark 1.16. There exist in the literature various models of gerbes. In
this paper we adopt the perspective of Brylinski [7], where a Dixmier-
Douady gerbe is regarded as a sheaf of categories equipped with some
extra structure. We have found it to be easier to understand certain
conceptual questions about the symmetries of gerbes using this model.
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On the other hand, because the categorical model keeps track of so
much information (isomorphic objects are never identified), construc-
tions in this picture can become quite intricate. As a result, we have
found it useful to recast many of the main definitions and construc-
tions in a more concrete Cech-type model for gerbes, in which a gerbe
is represented by a T-valued Cech 2-cocycle onM . Most constructions
can be done equally well in either approach, although our construction
of the Lie 2-algebra structures on LG and L(G,A) are done only in the
Cech picture. One could similarly phrase our ideas in terms of other
models of gerbes, for example bundle gerbes or presentations of gerbes
as groupoids.
2 Infinitesimal Symmetries of Circle Bun-
dles
We begin by reviewing the basic geometry of vector fields on circle
bundles and their relationship to 1-parameter groups of symmetries.
In particular, we formulate the basic definitions and structures in sheaf-
theoretic terms. The discussion in this section lays the groundwork for
our discussion of infinitesimal symmetries of Dixmier-Douady gerbes,
and we will continually refer back to the circle bundle case throughout
the rest of the paper as a point of reference.
Let π : E → M be a principal T-bundle over a smooth manifold
M . Thus E is a smooth manifold with a free action of the circle
group T whose orbits are the fibers of the projection map π. For ev-
ery x ∈ E, the kernel of π∗ : TxE → Tπ(x)M is the one dimensional
subspace consisting of vertical vectors. The T-action induces a canon-
ical isomorphism of this subspace with the Lie algebra Lie(T), which
we identify with the R-vector space iR consisting of purely imaginary
complex numbers.
A smooth 1-parameter group of diffeomorphisms of M is a collec-
tion of diffeomorphisms {ϕt : M → M} such that ϕ
′
t ◦ ϕt = ϕt+t′ for
each t, t′ ∈ R, and such that the corresponding map
Φ :M × R→M (2.1)
is smooth.
Definition 2.2. Let Φ be a be a smooth 1-parameter group of diffeo-
morphisms of M . A 1-parameter group of symmetries of E lifting Φ
is a 1-parameter group of diffeomorphism
Φˆ : E × R→ E (2.3)
such that for each t ∈ R, the map Φ(·, t) = ϕt commutes with the
T-action and satisfies ϕtπ = πϕˆt.
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Given such a pair (Φ, Φˆ), we obtain vector fields ξ ∈ C∞(TM) and
ξˆ ∈ C∞(TE) by differentiating at t = 0. Definition (2.2) implies that
ξˆ is T-invariant and projects to ξ; we call such a vector field a lift of ξ
to E.
Let us describe a lift ξˆ in terms of the sheaf of sections E of E →M .
Let σ be a local section of E. Then ξˆ− σ∗ξ is a vertical vector at each
point in the image of σ, and therefore the section σ determines a local
iR-valued function fσ according to the formula
ξˆσ(x) = σ∗ξx + fσ(x). (2.4)
Because ξˆ is T-invariant, it is completely determined locally by fσ.
Moreover, it is easy to see that the assignment σ 7→ fσ is compati-
ble with restrictions to smaller open sets, so that we obtain a sheaf
homomorphism
Fξˆ : E →iRM (2.5)
σ 7→fσ,
where iRM denotes the sheaf of smooth iR-valued functions on M .
The sheaf of sections E is naturally a torsor for the sheaf TM of
smooth T-valued functions on M , as discussed in detail in the next
section. Given a local section σ of E and a local T-valued function g,
equation (2.4) implies that
Fξˆ(σ · g) = Fξˆ(σ) − ιξd log(g), (2.6)
where d log(g) denotes g−1dg. Conversely, given a sheaf homomor-
phism E → iRM satisfying (2.6) we obtain a unique lift of ξ to E.
To set the stage for our discussion in §7 and appendix A, let us
derive (2.6) by considering the relationship between the vector field ξˆ
and the 1-parameter family Φˆ.
Notation 2.7. We will denote M × R by M1. We will denote the
projection
π1 :M
1 →M (2.8)
by p1 and
Φ :M1 →M (2.9)
by p0. Furthermore, for each open set U of M , we define the open set
ν(U) = {(x, t) ∈ U × R : ϕt(x) ∈ U} ⊂M
1. (2.10)
Note that there is a natural inclusion U →֒ ν1(U) given by x 7→ (x, 0).
For each section σ of E over U define a function gσ : ν(U)→ T by
ϕˆt(σ(x)) = σ(ϕt(x))gσ(x, t). (2.11)
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The function fσ : U → iR is then related to gσ by
fσ(x) = ι d
dt
d log(gσ(x, t))|U . (2.12)
Given another local section σ′, there is a unique function h : U → T
such that σ′ = σ · h. Equation (2.11) then implies that
gσ′(x, t) = gσ(x, t)h(x)h
−1(ϕt(x)). (2.13)
Combining this with (2.12) we obtain (2.6).
Next, suppose E has a connection Θ. We view Θ as a map AΘ
from the sheaf of sections of E to the sheaf iΩ1M of imaginary 1-forms
on M by defining
AΘ(σ) = σ
∗Θ. (2.14)
The behavior of AΘ under gauge transformations is
AΘ(σ · g) = AΘ(σ) + g
−1dg. (2.15)
Given a vector field ξ, there is a unique horizontal lift ξˆh of ξ to P ,
characterized by the equation
fξˆh(σ) = −ιξAΘ(σ). (2.16)
On the other hand, if we define ξˆh by equation (2.16), it is easy to see
from equation (2.15) that fξˆh satisfies equation (2.6).
Suppose that ξˆ and ηˆ are a pair of vector fields on E lifting vector
fields ξ and η on M . Then the bracket [ξˆ, ηˆ] is a lift of [ξ, η] satisfying
f[ξˆ,ηˆ] = ξ(fηˆ)− η(fξˆ). (2.17)
In particular, if ξˆ = ξˆh and ηˆ = ηˆh are the horizontal lifts, then
f[ξ,η]h − f[ξh,ηh] (2.18)
= ι[ξ,η]AΘ − ιξdιηAΘ + ιηdιξAΘ
= −ιηιξK(Θ),
whereK(Θ) ∈ iΩ2(M) is the curvature form of Θ and satisfies K(Θ) =
dAΘ(σ) for any local section σ.
3 Torsors
Let BundM (T) denote the category of principal T-bundles over a man-
ifold M . The starting point for this section is the observation that
BundM (T) possesses many structures analogous to those of an abelian
group, i.e. it is a Picard category. For example, givenE,E′ ∈ BundM (T)
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we can form their tensor product E⊗E′; this operation is commutative
and associative up to natural isomorphism, and the trivial T-bundle
M × T acts as a multiplicative unit. Furthermore, for any bundle E
the dual bundle E∨ plays the role of an inverse for E. As explained
below, there are also operations corresponding to taking Lie deriva-
tives and the exterior derivative. These examples can be conveniently
described as special cases of the associated torsor construction. After
introducing this construction and examining its properties, we use it
to rephrase some of the discussion in the last section in a way which
will easily generalize to the gerbe setting.
Definition 3.1. Let A be an abelian group.
1. An A-torsor is a set S with a simply transitive action of A on S:
(s, a) 7→ s+ a, for s ∈ S and a ∈ A. (3.2)
2. Given A-torsors S and T , a homomorphism of A-torsors is a
map f : S → T such that f(s + a) = f(s) + a for all s ∈ S and
a ∈ A.
Notation 3.3. We will denote the category of all A-torsors by TorA.
We write the action of A on a torsor additively unless multiplication in
the group A is conventionally written multiplicatively (e.g. T). Note
that because A is abelian we do not distinguish between left and right
A-torsors.
We now introduce the associated torsor construction.
Definition 3.4. Let ϕ : A→ B be a homomorphism of abelian groups.
Given T ∈ TorA let ∼ denote the equivalence relation on T ×B given
by
(t+ a, b) ∼ (t, b+ ϕ(a)) for all a ∈ A. (3.5)
The associated B-torsor ϕ[T ] is the quotient
T ×B/ ∼, (3.6)
with elements of B acting on the second factor.
Example 3.7. Let A = T×T, B = T; because T is abelian group multi-
plication defines a homomorphism µ : T×T→ T. Given S, T ∈ TorT,
S × T is naturally a T × T-torsor, and we will denote the associated
torsor µ[S × T ] by S ⊗ T . In the case where A is written addititively
(e.g. iR), if ϕ : A×A→ A is the addition homomorphism we will use
the notation ϕ[S × T ] := S ⊞ T .
Again, because A is abelian, the inverse map a 7→ −a defines a
group homomorphism, and in this case the associated torsor construc-
tion takes a torsor T to its dual T∨. Given S, T ∈ TorA, we will
sometimes use the notation T ⊟ S to denote the A-torsor Hom(S, T );
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this can be identified with the torsor associated to S × T via the ho-
momorphism from A×A→ A taking (a, a′) 7→ a′ − a.
In the case that A = iR (or more generally any vector space), given
T ∈ ToriR and λ ∈ R regarded as a homomorphism iR→ iR, we will
denote the associated torsor λ[T × iR] by λ⊙ T .
The associated torsor construction satisfies a universal property,
the proof of which is omitted.
Lemma 3.8. Let ϕ : A → B be a homomorphism of abelian groups.
For each T ∈ TorA there is a canonical map ϕ[·] : T → ϕ[T ] such that
ϕ[t+ a] = ϕ[t] + ϕ(a) (3.9)
for all t ∈ T and a ∈ A. Furthermore, if R is any B-torsor and
ψ : T → R is any map satisfying ψ(t + a) = ψ(t) + ϕ(a) for all
a ∈ A, t ∈ T , then there exists a unique isomorphism of B-torsors
ψ˜ : ϕ[T ]→ R such that ψ˜(ϕ[t]) = ψ(t) for all t ∈ T .
Terminology 3.10. Given T ∈ TorA, R ∈ TorB and ϕ : A → B, we
say a map ψ : T → R intertwines ϕ if ψ(t + a) = ψ(t) + ϕ(a) for all
t ∈ T and a ∈ A. Lemma (3.8) states that there is a canonical map
from T to ϕ[T ] intertwining ϕ, and that given any R ∈ TorB, a map
from T to R intertwining ϕ is the same thing as a homomorphism of
B-torsors ϕ[T ]→ R.
The universal property (3.8) can be used to give a formal proof of
the following.
Corollary 3.11. 1. Let ϕ : A→ B be a homomorphism of abelian
groups. Then there is a functor
ϕ[·] : TorA → TorB (3.12)
sending T → ϕ[T ], and a homomorphism ψ : T → T ′ of A-
torsors to the unique homomorphism ϕ[ψ] : ϕ[T ] → ϕ[T ′] satis-
fying ϕ[ψ](ϕ[t]) = ϕ[ψ(t)] for all t ∈ T.
2. There is a canonical isomorphism
ϕ[A] ∼= B, (3.13)
where we consider A as an A-torsor with the obvious action on
itself.
3. Given another abelian group C and a homomorphism ψ : B → C,
there is a natural isomorphism
(αψ,ϕ)T : ψ[ϕ[T ]] ∼= (ψϕ)[T ]. (3.14)
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We now generalize to the context of sheaves over a manifold M .
For example, given a principal A-bundle E for A a Lie group, the
sheaf of sections of E carries an action of the sheaf of smooth A-valued
functions.
Definition 3.15. Let M be a manifold, and let A be a sheaf of abelian
groups over M . Then a sheaf of A-torsors over M is a sheaf T of sets
over M together with a homomorphism of sheaves α : T ×A→ T such
that
1. For every open subset U ⊂ M such that T (U) is non-empty,
(T (U), α(U)) is an A(U)-torsor,
2. Every x ∈ M is contained in a neighborhood U ⊂ M such that
T (U) is non-empty.
Remark 3.16. Given a sheaf of abelian groups A, one defines a mor-
phism of A-torsors in the obvious way. We will denote the resulting
category by TorA.
Example 3.17. As mentioned above, given any principal A-bundle E,
its sheaf of sections E is naturally an AM -torsor, where AM denotes the
sheaf of smooth A-valued functions on M . Moreover, the assignment
E 7→ E is functorial and induces an equivalence of categories.
Example 3.18. We will also be interested in sheaves of groups which
are not of the form AM for some fixed Lie group A. For example,
given a principal circle bundle E over M the set of connections for
E is torsor for the group of 1-forms on M . More generally, we have
a sheaf of connections which is a torsor for the sheaf of (imaginary)
1-forms on M .
Definition 3.19. Given a homomorphism ϕ : A → B of sheaves of
groups over M and torsors S ∈ TorA, T ∈ TorB, a sheaf homomor-
phism ψ : S → T intertwines ϕ if for each open set U ⊂ M such that
S(U) is non-empty, T (U) is also non-empty and the map of torsors
ψU : S(U)→ T (U) (3.20)
intertwines
ϕU : A(U)→ B(U). (3.21)
We may extend definition (3.4) of the associated torsor construction
to the sheaf setting. For brevity we give a definition in terms of a
universal property, and then sketch a construction.
Definition 3.22. Let ϕ : A → B be a homomorphism of sheaves of
groups over M , and let S be an A-torsor. Than a torsor associated to
S via ϕ is a B-torsor ϕ[S] together with a homomorphism of sheaves
ϕ[·] : S → ϕ[S] (3.23)
intertwining ϕ.
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One easily shows from the definition that the associated torsor ϕ[S]
is unique up to unique isomorphism, so that for will speak of the asso-
ciated torsor. For a specific construction, we may first take
ϕ[S](U) = ϕU [S(U)]. (3.24)
Given an inclusion of open sets i : V →֒ U , the restriction map is then
characterized by the equation
i∗(ϕU [s]) = ϕV [i
∗s] (3.25)
for each s ∈ S(U). In general this procedure only defines a presheaf,
and we must take its sheafification to finish the construction of ϕ[S];
for example, if A = TM and B = iRM then S may have no global
sections, whereas any iRM -torsor does have a global section. It is then
easily checked that the appropriate generalizes of the second part of
lemma (3.8) as well as corollary (3.11) hold in the sheaf setting.
Remark 3.26. Let us see how the associated torsor construction looks
in terms of local trivializations and transition functions. Given a sheaf
A of abelian groups over M , let E ∈ TorA. Given an open cover {Ui}
of M and local sections σi ∈ E(Ui), we obtain “transition functions”
aij ∈ A(Uij = Ui ∩ Uj) given by
σj |Uij = σi|Uij + aij . (3.27)
It is easily verified that on triple overlaps Ui∩Uj ∩Uk := Uijk we have
ajk − aik + aij = 0, (3.28)
where each term in equation (3.28) is implicitly restricted to Uijk. Let
B be another sheaf of abelian groups over M and ϕ : A → B a sheaf
homomorphism. By the universal property of the associated torsor
construction, we obtain local sections ϕ[σi] of ϕ[E] over Ui. Since the
map taking σi 7→ ϕ[σi] intertwines ϕ, it follows that the transition
functions for ϕ[E] with respect to the local sections ϕ[σi] are given by
ϕ(aij).
In the next example we introduce an operation on T-bundles anal-
ogous to taking the Lie derivative with respect to a vector field on
M .
Example 3.29. Given a manifold M , note that a vector field ξ ∈
C∞(TM) determines a sheaf homomorphism TM → iRM given by
ιξdlog : g 7→ ιξg
−1dg. (3.30)
Let E is a principal T-bundle over M and E its sheaf of sections. By
the discussion in section §2, a lift of ξ to E is equivalent to a sheaf
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homomorphism fξˆ : E → iR intertwining −ιξd log. We may therefore
identify the sheaf of such lifts with2
Hom(−ιξd log[E], iRM )
∼= Hom(iRM , ιξd log[E])
∼= ιξd log[E]. (3.31)
To see this isomorphism concretely on the level of global sections, sup-
pose that we are given a global section S of ιξd log[E]. Given a local
section σ ∈ E(U), there is a unique function fS(σ) : U → iR such that
S|U = ιξd log[σ] + fS(σ). (3.32)
A short calculation shows that given g : U → T we must have fS(σ·g) =
fS(σ) − ιξd log(g), so that σ 7→ fS(σ) is a homomorphism from E to
iRM intertwining −ιξd log. Conversely, given such a homomorphism
fξˆ, we can define a global section ιξd log[E] which is given locally by
the formula (3.32).
Example 3.33. Let Θ be a connection on the principal T-bundle E.
Then equation (2.15) says that the sheaf homomorphism AΘ : E →
Ω1M (iR) defined by equation (2.14) is consistent with the homomor-
phism
dlog : TM →Ω
1
M (3.34)
g 7→g−1dg.
Proceeding as in the last example, we see that the iΩ1M -torsor of
connections onE can be identified with the global sections of−d log[E].
Explicitly, given a connection viewed as a sheaf homomorphism AΘ :
E → iΩ1M , the corresponding section Θ of −d log[E] is given locally by
Θ|U = −d log[σ] +AΘ(σ) (3.35)
for σ a local section of E. We remark also that, given such a section
Θ, we obtain a section
ι−ξ[Θ] (3.36)
of
ι−ξ[−d log[E]] ∼= ιξd log[E]. (3.37)
As explained in the last example, global sections of ιξd log[E] can be
identified with lifts of ξ to E; in this case, the section (3.36) is the
horizontal lift determined by Θ as described in §2.
2Given sheaves A and B, we will denote by Hom(A,B) the sheaf of homomorphisms
from A to B
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4 Gerbes
In this section we briefly recall some of the definitions and constructions
related to gerbes which we will need in the remainder of the paper.
More detailed definitions can be found in appendix B. The standard
reference for most of this material is [7], and much of our notation and
terminology follows this source. In addition to this standard material,
we introduce some terminology which generalizes the material in §3 to
the context of gerbes. We will also find it convenient to describe the
family of all gerbes over a given manifold using the language of (strict)
two-categories. Our reference for 2-categories is [5].
Following the approach in [7], we use the model of a gerbe G over
a manifold M as a sheaf of groupoids equipped with extra structure.
For the precise definition of a presheaf of groupoids, see definition
(B.1) in appendix B. Briefly, a presheaf of groupoids G consists of the
following data: for each open set U of M we have a groupoid G(U),
and for each inclusion of open sets i : V →֒ U we a restriction functor
i∗ : G(U) → G(V ). Given another inclusion of open sets j : W →֒ V ,
there is a specified natural isomorphism αi,j : j
∗i∗
∼=
// (ij)∗. These
natural isomorphisms are themselves required to satisfy a coherence
condition with respect to chains of inclusions of the form
T →֒W →֒ V →֒ U. (4.1)
It is a consequence of definition (B.1), that for every open set U ⊂
M and every pair of objects P,Q ∈ G(U) there is a presheaf Hom(P,Q)
over U . G is called a prestack if Hom(P,Q) is actually a sheaf for each
open set U and each pair P,Q. A prestack G is a stack (or sheaf of
groupoids) if in addition it satisfies a gluing property, as outlined in
the discussion following (B.1) in appendix B.
A gerbe is a stack equipped with additional structure analogous to
that possessed by a principal bundle.
Definition 4.2. Let A be a sheaf of abelian groups over M . A gerbe
with band A over M is a stack G equipped with a family of isomor-
phisms
αP : Aut(P )
∼=
// A|U (4.3)
for each open set U ⊂ M and each object P ∈ G(U), such that for
each object Q ∈ G(U) and each isomorphism ψ : P → Q, αP and αQ
are compatible with the induced isomorphism Aut(P ) → Aut(Q). In
addition, we require that
1. Every point x ∈ M is contained in a neighborhood U ⊂ M such
that G(U) is non-empty.
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2. Any two P,Q ∈ G(U) are locally isomorphic; that is, for each
x ∈ U there exists a neighborhood V of x in U such that the
restrictions of P and Q to V are isomorphic.
Remark 4.4. Note that for any two local sections P,Q ∈ G(U), the
sheaf Hom(P,Q) has the structure of a TU -torsor: given ψ ∈ Hom(P,Q)(V )
for V ⊂ U and g : V → T, we define
ψ · g = αP (g) ◦ ψ. (4.5)
Conversely, as explained in [7], given any object P ∈ G(U) and any TU -
torsor E there exists an object P⊗E such that there is an isomorphism
of TU -torsors Hom(P, P ⊗ E). More precisely, there is a functor
G(U)op × G(U)→ G(U)op ×TorTU (4.6)
taking
(P,Q) 7→ (P,Hom(P,Q)) (4.7)
which is an equivalence of categories. In this sense, the category G(U)
is a torsor for the category of TU -torsors.
Example 4.8. Let A be a sheaf of abelian groups over M . Then the
trivial gerbe B(A) with band A associates to each open set U ⊂M the
category of A|U -torsors.
Next, let us discuss morphisms and 2-morphisms between presheaves
of groupoids; for precise definitions see definitions (B.12) and (B.17)
in the appendix. Given presheaves of groupoids G and G′, a morphism
of Φ : G → G′ consists first of all of a collection of functors
ΦU : G(U)→ G
′(U). (4.9)
In addition, for each inclusion i : V →֒ U the data of Φ includes coher-
ent natural transformations Φi : i
∗
G′ΦU ⇒ ΦV i
∗
G . In the terminology
of [5], this is called a pseudo-natural transformation. Given a pair of
morphisms Φ,Ψ : G → G′, a 2-morphism τ : Φ⇒ Ψ consists of natural
transformations τU : ΦU ⇒ ΨU which are suitably compatible with
the structure of Φ and Ψ. In [5], this is called a modification.
The following is a consequence of proposition (7.5.4) in [5].
Proposition 4.10. There is a 2-category whose objects are presheaves
of groupoids over M , whose 1-morphisms are pseudo-natural transfor-
mations, and whose 2-morphisms are modifications.
In particular, we have a well-defined composition of 1-morphisms,
as well as vertical and horizontal composition of 2-morphisms.
In the case that G and G′ are gerbes, we will be interested in mor-
phisms which interact well with the additional structure specified in
definition (4.2).
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Definition 4.11. Let ϕ : A → B be a homomorphism of sheaves of
abelian groups over M . Given a gerbe G over M with band A and
a gerbe G′ with band B, a 1-morphism Φ : G → G′ between their
underlying sheaves of groupoids is said to intertwine ϕ if for each object
P ∈ G(U), the diagram
Aut(P )
αP

ΦU
// Aut(ΦU (P ))
α′ΦU (P )

A|U
ϕ|U
// B|U
(4.12)
commutes.
Remark 4.13. In terms of the notation (4.4), for each P,Q ∈ G(U),
each local section ψ ∈ Hom(P,Q)(V ) and each g : V → T, the diagram
(4.12) implies that
Φ(ψ · g) = Φ(ψ) · ϕ(g). (4.14)
Remark 4.15. By proposition (4.10), given a gerbe G with band A and
G′ with band B, there is a category of 1-morphisms between presheaves
underlying G and G′. Given ϕ : A → B, we then have a subcategory
of 1-morphisms from G to G′ that intertwine ϕ, which we will denote
Homϕ(G,G
′). (4.16)
The following proposition says that the associated torsor construc-
tion can be extended to a 1-morphism of gerbes. The proof, which is
omitted, is a straightforward application of the definitions.
Proposition 4.17. 1. Let ϕ : A→ C be a homomorphism of sheaves
of abelian groups over M . Then there is a 1-morphism ϕ[·] :
B(A)→ B(C) intertwining ϕ defined on each open set U ⊂M by
the functor ϕ|U [·] : TorA|U → TorB|U given in definition (3.22).
2. Given another sheaf of abelian groups D and a homomorphism
ψ : C → D, there exists a 2-morphism
ψ[ϕ[·]]⇒ (ψϕ)[·]. (4.18)
We now recall several operations on gerbes which we will need.
First, given a gerbe G over M with band A, we may construct in an
obvious way the opposite gerbe Gop, which assigns to each open set
U ⊂ M the category G(U)op. Since A is abelian, Gop canonically has
the structure of a gerbe with band A. There is a 1-morphism of gerbes
G → Gop (4.19)
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intertwining the homomorphism
g 7→ g−1. (4.20)
This morphism is a bijection on the level of both objects and mor-
phisms: on the set of objects it is the identity, and on the level of
morphisms it maps
ψ : P → Q (4.21)
to
ψ−1 : Q→ P. (4.22)
The next construction involves a homomorphism ϕ : A→ B of sheaves
of abelian groups over M . On page 199 of [7] Brylinski describes the
construction of an associated gerbe with band B (Brylinski calls this
gerbe G ×A B, but following our earlier notation for torsors we will
call it ϕ[G]). Furthermore, from the construction of ϕ[G] one obtains
a 1-morphism
ϕ[·] : G → ϕ[G] (4.23)
intertwining ϕ. As discussed in example (3.7) for torsors, one can use
the associated gerbe construction to construct the tensor product of
gerbes, as well as the dual of a gerbe.
Next, let f : M → M ′ be a smooth map of manifolds. Given a
sheaf of groupoids G over M with band A, one constructs the direct
image f∗G in the obvious way: for example, for each open set U ⊂ N
we have
f∗(G)(U) = G(f
−1(U)). (4.24)
Generically, if G has the structure of a gerbe with band A, f∗G will
not necessarily have the structure of a gerbe with band f∗A; on the
other hand, proposition (5.2.7) from [7] shows that this will be under
certain assumptions about the map f and the sheaf of groups A. We
also point out that, given another smooth map g :M ′ →M ′′, we have
a natural identification of g∗(f∗G) with (gf)∗G.
Given a gerbe G overM ′ with band A, we may also form the inverse
image f∗G, which is a gerbe with band f∗A overM . If G is a Dixmier-
Douady gerbe (i.e. A = TM ′ ), then the inverse image sheaf f
∗(TM ′ )
will generally not be equal to TM , so that f
∗G is not a DD gerbe. On
the other hand, we have a natural sheaf homomorphism
ϕ : f∗(TM ′)→ TM , (4.25)
and we can form the associated gerbe ϕ[f∗G], which is a DD gerbe over
M ; from now on we will use the notation f∗G denote this gerbe over
M . We remark that, as in the case of the associated gerbe, the inverse
image f∗G of a DD gerbe is characterized by the following universal
property. There exists a morphism of gerbes
f∗ : G → f∗(f
∗G) (4.26)
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intertwining the canonical homomorphism
f∗ : TM ′ → f∗TM . (4.27)
5 Infinitesimal Symmetries of Gerbes
In this section, we explain how to generalize the discussion of §2 to
define the infinitesimal symmetries of a Dixmier Douady gerbe G over a
manifoldM . Since G is not itself a manifold, we cannot directly import
structures from differential geometry such as vector fields or flows. We
instead proceed by analogy to the circle bundle case. To make the
analogy clearer, we introduce a concept from algebraic geometry. The
basic idea, inspired by the discussion in [18], is to use a ringed space
I1, sometimes called the “dual numbers”, which can be thought of as
a first order formal curve. In [18], the authors study maps from I1
into a stack X to motivate the definition of the tangent stack to X .
Similarly, given a gerbe G overM , we will consider the pullback of G to
I1 via a map I1 → M . This somewhat informal discussion motivates
our definition (5.23). In §7 (and in appendix A), we provide another
perspective on LG by relating infinitesimal symmetries to families of
(non-infinitesimal) symmetries of G through a process analogous to
differentiation.
5.1 Gerbes over the formal interval
Consider the ring
R = R[ǫ]/(ǫ)2. (5.1)
We can form a ringed space
I1 = Spec(R), (5.2)
which has a single underlying point, and whose ring of functions is
O({∗}) = R. (5.3)
Let X be a smooth manifold, considered as a ringed space with its
sheaf of smooth real valued-functions. Then the set of maps from I1
to X in the category of ringed spaces is identified with the set of ring
homomorphisms
Hom(C∞(X), R). (5.4)
Note in particular that we have an inclusion
ι : {∗} →֒ I1 (5.5)
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corresponding to the homomorphism from R→ R sending a+ bǫ 7→ a,
as well as a retraction
r : I1 → {∗} (5.6)
corresponding to the inclusion R →֒ R. Given a map φ from I1 to a
smooth manifold X , let φ∗ : C∞(X) → R be the corresponding ring
homomorphism, and write
φ∗f = a(f) + b(f)ǫ (5.7)
for each f ∈ C∞(X). Let x = φ◦ι(∗) ∈M be the image the underlying
point of I1 in M , then
a(f) = (φ ◦ ι)∗f = f(x), (5.8)
i.e. a : C∞(X)→ R is the homomorphism which evaluates each func-
tion at the point x. The condition that φ∗ be a ring homomorphism
then implies that for every pair of functions f, g ∈ C∞(X) we have
b(fg) = f(x)b(g) + g(x)b(f), (5.9)
so that there is a unique tangent vector ξ ∈ TxX such that
b(f) = ξ(f). (5.10)
Conversely, any tangent vector ξ ∈ TX determines a map
φξ : I1 →M. (5.11)
Thus Map(I1, X) is naturally identified with the tangent space of X .
Heuristically, we think of I1 as a “formal interval” and the map φξ as
an infinitesimal curve in X in the direction ξ.
Next, let E be a principal T-bundle over M , and let E be its sheaf
of sections. The restriction of E to the point x is a skyscraper sheaf
with stalk a torsor for the set of germs of smooth T-valued functions
at x. On the other hand, there is a homomorphsim
ρx : Stx(TM )→ T{x} (5.12)
which evaluates each germ at the point x . We define the restriction
(E)x of E to x (in the category of T-torsors) to be the associated torsor;
note that we have a natural identification
(E)x ∼= (Ex). (5.13)
Given a Lie group G, the set of maps Map(I1, G) also has the
structure of a group which we identify with the product G× g ∼= TG.
In particular, we may define a principal T-bundle over I1 to be a T×iR-
torsor, and we can similarly define a DD gerbe over I1. Given a tangent
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vector ξ ∈ TxM thought of as a map φξ : I1 → M , we can then
construct the inverse image torsor φ∗ξE over I1. There is a restriction
map
E → (φξ)∗(φξ)
∗E (5.14)
intertwining the map
g 7→ (g(x), ιξxd log(g)). (5.15)
The maps ι : {∗} → I1 and r : I1 → {∗} yield maps
ι∗ : φ∗ξE → Ex (5.16)
and
r∗ : Ex → φ
∗
ξE (5.17)
such that ι∗◦r∗ = idEx . The kernel of (5.16) is isomorphic to ιξd log[E]x,
and we therefore obtain an isomorphism
φ∗ξE
∼= Ex × ιξd log[E]x. (5.18)
Recall from example (3.29) that the second factor can be identified
with the set of T-invariant lifts of ξx to E. Thus, we can encode
the infinitesimal symmetries of E point-wise by pulling back E to I1;
informally this amounts to restricted E to an infinitesimal curve in M .
Recall from the previous section that the inverse image and asso-
ciated torsor construction also make sense for gerbes. Thus, given a
tangent vector ξ ∈ TxM and a DD gerbe G overM we can form a gerbe
φ∗ξG over I1 with band T× iR. This gerbe is naturally isomorphic to a
product
Gx × ιξdlog[G]x, (5.19)
where the first factor should be thought of as the fiber of G at x and the
second term encodes the infinitesimal symmetries of G near x lifting
ξ. It is therefore natural to define the infinitesimal symmetries of G
lifting ξ as the associated gerbe ιξd log[G].
Rather than working with the associated gerbe ιξd log[G], we will
instead use of an alternative definition of the infinitesimal symme-
tries of G. Recall from section §4 that there is a morphism of gerbes
G → ιξd log[G] intertwining ιξd log. In particular, for each local section
Q of G we obtain a local section ιξd log[Q] of ιξd log[G]. Suppose we are
given a global section S of ιξd log[G]. Then for each open set U ⊂ M
and each Q ∈ G(U), we can form the iRU -torsor Hom(ιξd log[Q], S|U ).
More formally, the section S defines a morphism of gerbes from Gop to
B(iRM ) intertwining ιξd log. Moreover one can check that the assign-
ment
S 7→ Hom(ιξd log[·], S) (5.20)
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defines an isomorphism from the category of global sections of ιξd log[G]
to the category
Homιξd log(G
op,B(iRM )) (5.21)
of 1-morphisms from Gop to B(iRM ) intertwining ιξd log. Using the
canonical 1-morphism from G to Gop intertwining g 7→ g−1, we have
a canonical equivalence (which is actually a bijection on the level of
objects and morphisms)
Homιξd log(G
op,B(iRM ))
∼=
// Hom−ιξd log(G,B(iRM )). (5.22)
Definition 5.23. Let G be a DD gerbe over a manifold M , and let ξ
be a vector field on M . Then the category of infinitesimal symmetries
of G lifting ξ is
LG(ξ) = Hom−ιξdlog(G,B(iRM )). (5.24)
Notation 5.25. We will often use the notation ξˆ to denote an element
of LG(ξ); we call ξˆ a lift of ξ to G. We also introduce the following
notational convention, which in the present context is vacuous but
will prove notationally useful when we consider connective lifts in §10:
given a lift ξˆ ∈ LG(ξ), we will say ξˆ determines a 1-morphism
Fξˆ : G → B(iRM ). (5.26)
Of course, by definition an element of LG(ξ) is a 1-morphisms, so in
the present case ξ = Fξˆ.
Remark 5.27. Although for simplicity we have defined a category of
symmetries of G lifting ξ, we clearly could have defined a gerbe of
symmetries Hom−ιξdlog(G,B(iRM )) assigning to each open set U ⊂M
the category of morphisms from G|U to B(iRU ) intertwining −ιξ|Ud log.
In other contexts (for example in a holomorphic setting) it may be that
the gerbe analogous to Hom−ιξdlog(G,B(iRM )) has no global sections,
in which case it would be crucial to work with the gerbe of symmetries
itself.
Example 5.28. Suppose that G = B(TM ) is the trivial Dixmier-Douady
gerbe over M .
Definition 5.29. The trivial lift of a vector field ξ to B(TM ) is the
1-morphism
ξˆ0 = −ιξd log[·] : B(TM )→ B(iRM ) (5.30)
sending each TU -torsor to the associated iRU -torsor described in propo-
sition (4.17).
To understand the geometric origin of the trivial lift, consider by
analogy the trivial TM -torsor TM . A section of this torsor is simply a
22
function f , and since we can compare the value of f at distinct points
on M we can differentiate f . Put differently, given a diffeomorphism
ϕ :M →M , we can pull-back a principal bundle P to obtain a different
principal bundle, but if P is the trivial bundle then we can pull-back
sections of P via ϕ to obtain sections of the same bundle. Similarly,
given any gerbe G over M , we can pull back via ϕ to obtain another
gerbe overM , but if G is the trivial gerbe then we can pull-back sections
of G, i.e. principal bundles, and−ιξd log[·] is (minus) the corresponding
directional derivative operation.
This analogy can be made more precise by considering the relation-
ship between 1-parameter families of symmetries of gerbes (in partic-
ular, R-equivariant gerbes) and infinitesimal symmetries, as discussed
in appendix A. Given any 1-parameter family Φ of diffeomorphisms
of M , there is a canonical lift of Φ to the trivial gerbe over M . Ap-
plying the differentiation functor defined in (A.24) one obtains a lift of
the vector field generating Φ which is naturally isomorphic to the one
defined in definition (5.29).
More generally, let G be a Lie group acting on M . If G is given
the structure of a G-equivariant gerbe, then for every 1-parameter
subgroup of G we obtain an infinitesimal symmetry of G by applying
the differentiation functor.
6 The Cech picture
In this section we introduce a more concrete “Cech” version of the
category LG . In this picture one works not with sheaves of categories
but with (locally defined) differential forms. We could similarly develop
a version of LG in terms of other models of gerbes, such as bundle
gerbes.
Definition 6.1. Let G be a DD gerbe over a manifold M . A collection
of local trivializations of G consists a triple {{Ui}, {Qi}, {sij}} where
1. {Ui} is an open cover of M ,
2. Qi is a section of G(Ui), and
3. sij : Qi|Uij → Qj |Uij , where Uij = Ui ∩ Uj.
Remark 6.2. Such a collection of local trivializations gives rise to Cech
data for G, which is a collection of functions {gijk} from triple inter-
sections Uijk := Ui ∩ Uj ∩ Uk to T. In terms of the discussion of the
descent property for gerbes in appendix B, the functions gijk are are a
cocycle whose cohomology class is the obstruction to gluing the local
data {{Qi}, {sij}} to form a global section of G. Explicitly, we define
sjk ◦ sij = sik · gijk. (6.3)
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Because of the associativity of the composition of morphisms, it follows
that on 4-fold overlaps Uijkl the cocycle condition
gjklg
−1
ikl gijlg
−1
ijk = 1 (6.4)
is satisfied.
Notation 6.5. If F is any sheaf over an open set U ⊂ M , we will use
the notation x ∈ F to mean that x is a global section of F over U .
Definition 6.6. Let ξˆ be a lift of a vector field ξ to G. A collection of
local trivializations for ξˆ relative to {{Ui}, {Qi}, {sij}} is a choice of
sections ri ∈ Fξˆ(Qi)(Ui) for each i.
Given such a collection of local trivializations of ξˆ, we can define iR-
valued functions fij on double intersections according to the formula
rj = Fξˆ(sij)(ri) + fij . (6.7)
We will refer to these functions as Cech data for the lift ξˆ. Definition
(5.23) together with equation (6.3) imply that on triple intersections
we have
fjk − fik + fij = ιξd log(gijk), (6.8)
where {gijk} is the Cech data corresponding to the local trivializations
of G.
Given another lift ξˆ′ of ξ to G with sections r′i of Fξˆ′(Qi), and given
an equivalence T : F
ξˆ
→ F
ξˆ′
, define functions ui : Ui → iR by
r′i = TQi(ri) + ui. (6.9)
The naturality of T implies that on double intersections we have
fij − f
′
ij = uj − ui. (6.10)
These considerations motivate the following definition.
Definition 6.11. Let {gijk : Uijk → T} be a Cech cocycle on a mani-
fold M with respect to a good open cover {Ui}. The category Lgijk has
as objects the set of pairs (ξ, {fij}), where ξ is a vector field on M and
{fij : Uij → iR} is a collection of functions satisfying equation (6.8)
on triple intersections. A morphism from (ξ, {fij}) to (ξ, {f
′
ij}) is a
collection of functions {ui : Ui → iR} satisfying equation (6.10).
Notation 6.12. Given a fixed vector field ξ, let Lgijk (ξ) denote the sub-
category of Lgijk with objects of the form (ξ, {fij}) for some collection
of functions {fij}.
Theorem 6.13. For each vector field ξ on M
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(1) The set of isomorphism classes of objects π0(Lgijk ) has exactly
one element.
(2) For any object ξˆ = (ξ, {fij}), the map which to a smooth function
h : M → iR associates the automorphism of ξˆ given by {ui =
h|Ui} determines an isomorphism of groups
C∞M (iR)
∼=
// Aut(ξˆ). (6.14)
Proof. Consider hijk = d log(gijk) := g
−1
ijkdgijk; this is a Cech cocycle
with values in the sheaf iRM . By definition an element of Lgijk (ξ) is a
trivialization of this cocycle, i.e. a Cech cochain {fij} such that
(δf)ijk = hijk. (6.15)
Since iRM is a fine sheaf (i.e. admits partitions of unity), the coho-
mology class [hijk] ∈ H
3(M, iR) is necessarily zero, and since {Ui} is a
good open cover we can find such a trivialization {fij}. Thus, for each
vector field ξ Lgijk(ξ) is non-empty. On the other hand, given another
lift {f ′ij}, it follows that {fij − f
′
ij} is closed, and therefore also exact.
Thus we can find a Cech cochain {ui} such that for each i, j we have
fij − f
′
ij = uj − ui. (6.16)
Thus any two lifts are isomorphic.
Given an element ξˆ = (ξ, {fij}) ∈ L(ξ), if {ui} is an automorphism
of ξˆ than by equation (6.10) we must have uj = ui on Ui ∩ Uj , and
therefore there is a global function f with ui = f |Ui ; conversely any
such function gives an automorphism of ξˆ.
We saw above that every element of LG (non-canonically) gives rise
to an element of Lgijk . This is completely analogous to the descrip-
tion of a principal T-bundle in terms of local sections and transition
functions. On the other hand, given a T-valued Cech cocycle gij we
can produce a T-bundle by gluing trivial bundles. There is a similar
procedure in our situation for producing lifts out of Cech data.
Proposition 6.17. Let G be a DD gerbe over a manifold M , and
let {{Ui}, {Qi}, {sij}} be a collection of local trivializations for G with
associated Cech cocycle gijk. Then there is an equivalence of categories
Lgijk → LG .
We defer the proof to appendix B. To see a similar argument to
that used there, we direct the reader to the proof of proposition (5.3.2)
in [7].
Corollary 6.18. For each vector field ξ on M
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1. The set of isomorphism classes of objects π0(LG) has exactly one
element.
2. For any object ξˆ ∈ LG(ξ), the group of automorphisms of ξˆ is
isomorphic to C∞M (iR). Given f ∈ C
∞
M (iR), the associated auto-
morphism τ of ξˆ is given by
(τ)Q = α
−1
Q (f |U ) : Fξˆ(Q)→ Fξˆ(Q) (6.19)
for each Q ∈ G(U), where αQ : TU → Aut(Q) is as in definition
(4.2) (see also definition (B.17).
7 Local flows and infinitesimal symme-
tries
Let Φ be a 1-parameter group of diffeomorphisms of M generated by
a vector field ξ. In appendix A we describe the category LG(Φ) of lifts
of Φ to G and construct a differentiation functor
LG(Φ)→ LG(ξ). (7.1)
Roughly speaking, an element of LG(Φ) may be thought of as a flow
on G, and the corresponding infinitesimal symmetry as a vector field.
In the case of manifolds, every vector field can be integrated locally to
obtain a unique flow, and this establishes a bijective correspondence.
Similarly, in this section we will establish an equivalence between local
versions of the categories LG(Φ) and LG(ξ).
To describe the local version of the category LG(Φ), it will be con-
venient to use employ the language of simplicial manifolds. Given a
vector field ξ on M , for each x in M there exists an open set U con-
taining x, a positive number ǫ˜, and a smooth map
Φ : U × (−ǫ˜, ǫ˜)→M (7.2)
x, t 7→ ϕt(x),
such that for each t, ϕt is a diffeomorphism from U to ϕt(U), and such
that, for each (x, t) ∈ U × (−ǫ˜, ǫ˜), we have
d
ds
|s=tϕs(x) = ξϕt(x). (7.3)
Next, we can choose a smaller open set V ⊂ U and a smaller positive
number ǫ < ǫ˜ such that, for each t ∈ I = (−ǫ, ǫ) and each x ∈ V we
have ϕt(x) ∈ U . For each k ≥ 0, consider the subset of V × R
k given
by
Uk = {(ϕt0(x), t1, · · · , tk) : x ∈ V,
k∑
i=0
|ti| < ǫ}. (7.4)
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Note that Uk is open since it is a union of open sets of the form
ϕt(V )×Wt, where for each t ∈ I we define
Wt = {(t1, · · · tk) :
k∑
i=1
|ti| < ǫ− |t|}. (7.5)
The open sets U• fit together into a simplicial manifold. The boundary
maps pj : U
k → Uk−1 for j = 0, 1 · · · k are given by
p0(x, t1, · · · , tk) = (ϕt1(x), t2, · · · , tk), (7.6)
pi(x, t1, · · · , tk) = (x, · · · , ti + ti+1, · · · , tk) (7.7)
for i = 1, · · · k − 1, and
pk(x, t1, · · · , tk) = (x, t1 · · · , tk−1). (7.8)
The degeneracy maps si : U
k → Uk+1 for i = 0, · · · k are given by
s0(x, t1, · · · , tk) = (x, 0, t1, · · · , tk) (7.9)
and
si(x, t1, · · · , tk) = (x, t1, · · · , ti, 0, · · · , tk) (7.10)
for i = 1, · · · k.
It is easily checked that these satisfy the correct relations to define
a simplicial manifold.
Notation 7.11. Given a TUk -torsor S, we define a TUk+1 -torsor
3
δS = p∗0S ⊗ p
∗
1S
∨ ⊗ · · · ⊗ p∗k+1S. (7.12)
Similarly, given a function g : Uk → T, define δg : Uk+1 → T by
(p∗0g)(p
∗
1g
−1) · · · (p∗k+1g). (7.13)
It them follows from (??) that we have natural isomorphisms
s∗0δS
∼= p∗0s
∗
0S (7.14)
and
s∗1δS
∼= p∗1s
∗
0S (7.15)
over U1.
Any DD gerbe is locally isomorphic to the trivial gerbe with band
T, and therefore without loss of generality we will restrict ourselves
to the case that G is the trivial gerbe in the following. The following
definition is a local version of an equivariant gerbe (for the group R),
see for example [16], [12], [8].
3In this formula and the next we assume k+1 is even. If k+1 is odd, the last term is
instead p∗k+1P
∨, respectively p∗k+1g
−1.
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Definition 7.16. Let U• be the simplicial manifold described above.
A local lift of Φ to the trivial gerbe consists of a TU1-torsor S over U
1,
together with a section e of s∗0S over U
0 and a section σ of δE over
U2 satisfying the following conditions:
(i) s∗0σ = p
∗
0e and s
∗
1σ = p
∗
1e,
(ii) δσ is equal to the canonical section of δ2S over U3.
Given a pair of local lifts Φˆ = (S, e, σ) and Φˆ′ = (S′, e′, σ′), an iso-
morphism from Φˆ to Φˆ′ is an isomorphism of torsors Ψ : S
∼=
// S′
compatible with the sections e, e′, σ, σ′. We will denote the correspond-
ing category L(Φ).
Proposition 7.17. L(Φ) has a single isomorphism class of objects.
Proof. Note that there is a distinguished element Φˆ0 ∈ L(Φ), which
we call the trivial lift. Namely, we take S to be the trivial TU1 -torsor,
and e and σ to be the trivial sections. We will show that an arbitrary
element (S, e, σ) ∈ L(Φ) is isomorphic to Φˆ0. Note that s
∗
0S can be
identified with the restriction of S to U0 × {0} ⊂ U1. We therefore
begin by extending the section e to a smooth section τ of S. We can
then define a smooth function g : U2 → T by the formula
σ = δτ · g. (7.18)
Actually, it will be more convenient to work with logarithm of g; this
is well-defined since U2 deformation retracts onto U0 × {(0, 0)} and
since by condition (i) in definition (7.16) we have g(x, 0, 0) = 1. Thus,
we let f : U2 → iR be the unique function such that f(x, 0, 0) = 0 and
g = ef . Condition (i) in definition (7.16) is equivalent to the condition
that, for all (x, t) ∈ U1 we have
f(x, t, 0) = f(x, 0, t) = 0, (7.19)
and by condition (ii) we have δf(x, t, t′, t′′) =
f(ϕt(x), t
′, t′′)− f(x, t+ t′, t′′)+ f(x, t, t′+ t′′)− f(x, t, t′) = 0. (7.20)
Furthermore, it is easy to see that specifying an isomorphism from Φˆ0
to (S, e, σ) is equivalent to giving a smooth function h : U1 → iR such
that δh = f , i.e. for each (x, t, t′) ∈ U2, h satisfies
h(ϕt(x), t
′)− h(x, t+ t′) + h(x, t) = f(x, t, t′), (7.21)
and such that h(x, 0) = 0 for all x. Define a function k : U1 → iR by
the equation
k(x, t) =
∂
∂u
|u=0f(x, t, u). (7.22)
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Differentiating equation (7.20) with respect to t′′ at t′′ = 0 we obtain
the relation
k(x, t+ t′)− k(ϕt(x), t
′) =
∂
∂u
|u=t′f(x, t, u). (7.23)
If we then define
h(x, t) = −
∫ t
0
k(x, s)ds, (7.24)
we have
h(ϕt(x), t
′)− h(x, t+ t′) + h(x, t) (7.25)
=−
∫ t′
0
k(ϕt(x), s)ds +
∫ t+t′
0
k(x, s)ds −
∫ t
0
k(x, s)ds (7.26)
=−
∫ t′
0
k(ϕt(x), s)ds +
∫ t+t′
t
k(x, s)ds (7.27)
=
∫ t′
0
[k(x, t+ s)− k(ϕt(x), s)]ds (7.28)
=
∫ t′
0
∂
∂u
|u=sf(x, t, u)ds (7.29)
=f(x, t, t′)− f(x, t, 0) = f(x, t, t′). (7.30)
We now define a concrete local version of the differentiation functor
(A.24) considered in appendix A. Given a vector field ξ on U0, let L(ξ)
denote LB(TU0 )(ξ). Then we will construct a functor
D : L(Φ)→ L(ξ). (7.31)
It follows from the results of §6 that every lift ξˆ of ξ to B(TU0) is
determined up to canonical isomorphism by its action on the trivial
TU0 -torsor. Put differently, there is a functor
L(ξ)→ ToriR
U0
(7.32)
ξˆ 7→ Fξˆ(TU0),
and using proposition (6.18) one can show this is an equivalence of cat-
egories. For example, under this isomorphism the trivial lift discussed
in example (5.28) is sent to ιξd log[TU0 ], which is canonically isomor-
phic to the trivial iRU0 -torsor. For simplicity we will therefore take
the codomain of the differentiation functor to be the category ToriRU0 .
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Definition 7.33.
D : L(Φ)→ ToriR
U0
(7.34)
is the functor taking (S, e, σ) to the iRU0-torsor
s∗0(ι d
dt
d log[S]). (7.35)
Theorem 7.36. D is an equivalence of categories.
Proof. We proceed to by showing that D is both essentially surjective
and fully faithful. Since ToriRU0 has a single isomorphism class of
objects, D is trivially essentially surjective. Furthermore, since L(Φ)
has a single isomorphism class of objects, to check that D is fully
faithful it is sufficient to check thatD induces an isomorphism of groups
Aut(Φˆ0)→ Aut(D(Φˆ0)), (7.37)
where Φˆ0 is the trivial lift.
Define the set
ZT := {g : U
1 → T : δg = 1, s∗0g = 1}. (7.38)
There is an isomorphism
ZT
∼=
// Aut(Φˆ0) (7.39)
sending each function g to the bundle automorphism of TU1 given by
right multiplication. Define
DT : ZT → C
∞(U0; iR) (7.40)
by
g 7→ ι d
dt
d log(g)|U0 . (7.41)
Then the definition of the functor D implies that there is a commuta-
tive diagram
Z
DT

∼=
// Aut(Φˆ0)
D

C∞(U0; iR)
∼=
// Aut(D(Φˆ0))
(7.42)
Since both horizontal arrows are isomorphisms, to finish the proof we
must show that DT is an isomorphism. To see this, note that for any
g ∈ Z, the condition s∗g = 1 can be written
g(x, 0) = 1 (7.43)
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for every x ∈ U0. Therefore there exists a unique f : U1 → iR such
that
g(x, t) = ef(x,t) (7.44)
and
f(x, 0) = 0. (7.45)
The condition δg = 1 then implies that for each (x, t, t′) ∈ U1 we have
f(ϕt(x), t
′)− f(x, t+ t′) + f(x, t) = 0. (7.46)
Differentiating with respect to t′ we obtain
∂f
∂s
|s=0f(ϕt(x), s) =
∂f
∂s
|s=tf(x, s). (7.47)
Define
h(x) = DT(g)(x) =
∂f
∂s
|s=0f(ϕt(x), s). (7.48)
By the fundamental theorem of calculus we have
f(x, t) =
∫ t
0
h(ϕs(x))ds, (7.49)
so that g is completely determined by DT(g) = h. Conversely, given
an arbitrary function h : U0 → iR, the function on U1 defined by
g(x, t) = e
∫
t
0
h(ϕs(x))ds (7.50)
is in ZT.
8 Operations on lifts
Given diffeomorphisms ϕ, ψ : M → M , suppose that ϕ˜ ψ˜ are lifts of
these symmetries to G. Then we can compose ϕ˜ and ψ˜ to obtain a
symmetry of G covering ϕψ : M → M . In this way the category of
symmetries of G obtains a structure analogous to that of a group. In-
finitesimally, this group structure gives rise to a bracket operation on
the infinitesimal symmetries of G. In this section we give a direct defi-
nition of this bracket, together with other structures on LG analogous
to those possessed by a Lie algebra.
Proposition 8.1. (I) There exists a functor ⊞ : LG × LG → LG
such that, if ξˆ, ηˆ are lifts of vector fields ξ, η to G, then ξˆ⊞ ηˆ is a
lift of ξ + η satisfying
Fξˆ⊞ηˆ(Q) = Fξˆ(Q)⊞ Fηˆ(Q) (8.2)
for each object Q ∈ G(U).
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(II) For each real number λ ∈ R there is a functor λ⊙ : LG → LG
such that, if ξˆ is a lift of ξ, then λ[ξ] is a lift of λξ satisfying
Fλ⊙ξˆ(Q) = λ⊙ (Fξˆ(Q)), (8.3)
.
(III) There is a functor [·, ·] : LG ×LG → LG such that, if ξˆ, ηˆ are lifts
of ξ, η, then [ξˆ, ηˆ] is a lift of [ξ, η] satisfying
F[ξˆ,ηˆ](Q) = ξ[Fηˆ(Q)]⊟ η[Fξˆ(Q)]. (8.4)
(IV) There exists a canonical lift ζ of the zero vector field to G such
that for each open set U ⊂ M , Fζ,U : G(U)→ B(iRM )(U) is the
constant functor sending every object to the sheaf of groups iRU .
We call this the zero lift.
Proof. Let + : iRM × iRM → iRM denote the addition homomor-
phism, and recall from proposition (4.17) that there exists a canonical
1-morphism of gerbes ·⊞ · : B(iRM )×B(iRM )→ B(iRM ) intertwining
+ and sending R,S ∈ ToriR(U) to R ⊞ S for each open set U ⊂ M .
Given lifts ξˆ, ηˆ of vector fields ξ, η to G, we then define ξˆ ⊞ ηˆ to be the
composition
G
ξˆ×ηˆ
// B(iRM )× B(iRM )
·⊞·
// B(iRM ). (8.5)
If ψ : ξˆ ⇒ ξˆ′ and ϕ : ηˆ ⇒ ηˆ′ are equivalences of lifts, we define
ψ⊞ϕ : ξˆ⊞ ηˆ → ξˆ′⊞ ηˆ′ to be the horizontal composition of the identity
2-morphism ·⊞ · ⇒ ·⊞ · with the 2-morphism ψ × ϕ : ξˆ × ηˆ ⇒ ξˆ′ × ηˆ′.
The functors λ[·] and [·, ·] are defined similarly.
We omit the proof of (IV), which is straightforward.
One can further show that the operations above satisfy the axioms
of a Lie algebra up to natural isomorphism. For example, given lifts
ξˆ, ηˆ, and τˇ there is a natural isomorphism
(ξˆ ⊞ ηˆ)⊞ τˆ
∼=
// ξˆ ⊞ (ηˆ ⊞ τˆ). (8.6)
Furthermore, these natural isomorphisms themselves satisfy various
coherence conditions, similar to (but much more elaborate than) those
satisfied by the associator in a monoidal category. Roughly speaking,
the category LG has the structure of a “Lie algebra object in the 2-
category of categories.” Rather than give a precise definition of such
an algebraic structure (which so far as we know does not exist in the
literature), we will instead work in the Cech picture, where the relevant
algebraic structure can be described using L∞-algebras.
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Thus, let us choose a collection of local trivializations {{Ui}, {Qi}, {sij}}
for G with corresponding Cech data {gijk}. Given lifts ξˆ, ηˆ of vector
fields ξ, η to G, let {rξˆi }, {r
ηˆ
i } be local sections for these lifts, and let
{f ξˆij}, {f
ηˆ
ij} be the corresponding Cech data defined in equation (6.7).
Then we obtain local sections
rλ⊙ξˆi = λ⊙ r
ξˆ
i , (8.7)
rξˆ⊞ηˆi = r
ξˆ
i ⊞ r
ηˆ
i , (8.8)
and
r
[ξˆ,ηˆ]
i = ξ[r
ηˆ
i ]⊟ η[r
ξˆ] (8.9)
of the lifts λ⊙ ξˆ, ξˆ⊞ ηˆ, and [ξˆ, ηˆ], respectively. The corresponding Cech
data is given by
fλ⊙ξˆij = λf
ξˆ
ij , (8.10)
f ξˆ⊞ηˆij = f
ξˆ
ij + f
ηˆ
ij , (8.11)
and
f
[ξˆ,ηˆ]
ij = ξ(f
ηˆ
ij)− η(f
ξˆ
ij). (8.12)
We now show that these operations give the category Lgijk the
structure of a (strict) Lie 2-algebra, or equivalently of a 2-term L∞-
algebra. For a discussion of Lie 2-algebras and 2-term L∞-algebras,
we direct the reader to [1].
Definition 8.13. A 2-term L∞ algebra is a 2-term chain complex of
vector spaces V1
d
// V0 equipped with:
1. an antisymmetric chain map [·, ·] : V ⊗ V → V ,
2. an antisymmetric chain homotopy J : V ⊗ V ⊗ V → V from the
chain map
V ⊗ V ⊗ V → V (8.14)
x⊗ y ⊗ z 7→ [x, [y, z]]
to the chain map
V ⊗ V ⊗ V → V (8.15)
x⊗ y ⊗ z 7→ [[x, y], z] + [y, [x, z]],
such that the following equation holds for each x, y, z, w ∈ V :
[x, J(y, z, w)] + J(x, [y, z], w) + J(x, z, [y, w]) + [J(x, y, z), w]
(8.16)
+[z, J(x, y, w)] = J(x, y, [z, w]) + J([x, y], z, w)
+[y, J(x, z, w)] + J(y, [x, z], w) + J(y, z, [x,w]).
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Remark 8.17. In the language of Lie 2-algebras, the equation (8.16) is
the Jacobiator identity, which is an analogue of the pentagon identity
for monoidal categories.
Theorem 8.18. Let V0 = Obj(Lgijk ), with vector space structure given
by
1. λ(ξ, {f ξˆij}) = (λξ, {λf
ξˆ
ij}) for each λ ∈ R and (ξ, {f
ξˆ
ij}) ∈ Lgijk ,
and
2. (ξ, {f ξˆij})+(η, {f
ηˆ
ij}) = (ξ+η, {f
ξˆ
ij+f
ηˆ
ij}) for each (ξ, {f
ξˆ
ij}), (η, {f
ηˆ
ij}) ∈
Lgijk .
Let V1 = {{ui : Ui → iR}} with vector space structure given by addition
and scalar multiplication of functions. Then V = V0 ⊕ V1 has the
structure of a 2-term L∞-algebra with
1. d : V1 → V0 given by {ui} 7→ (0, {ui − uj}) for each {ui} ∈ V1
2. [·, ·] : L⊗ L→ L given by
(a) [(ξ, {f ξˆij}), (η, {f
ηˆ
ij})] = ([ξ, η], {ξ(f
ηˆ
ij)−η(f
ξˆ
ij)}) for each (ξ, {f
ξˆ
ij}), (ηˆ, {f
η
ij}) ∈
V0
(b) [(ξ, {f ξˆij}), {ui}] = {ξ(ui)} = −[{ui}, (ξ{f
ξˆ
ij})] for each (ξ{f
ξˆ
ij}) ∈
V0, {ui} ∈ V1
(c) [{ui}, {vi}] = 0 for each {ui}, {vi} ∈ V1.
3. J = 0.
Proof. To check that [·, ·] is a chain map, it is sufficient to check that
for each v0 = (ξi, {f
ξˆ
ij}) ∈ V0 and v1 = {ui} and v
′
1 = {u
′
i} in V1 that
d[v0, v1] = [v0, dv1], (8.19)
and
[dv1, v
′
1] = [v1, dv
′
1]. (8.20)
To verify (8.19), note that
d[(ξ, fij), {ui}] = d{ξ(ui)} = (0, {ξ(ui − uj)}), (8.21)
whereas
[(ξ, {fij}), d{ui}] = [(ξ, {fij}, (0, {ui−uj})] = (0, {ξ(ui−uj)}). (8.22)
On the other hand, by inspection both the left and right-hand sides of
equation (8.20) are zero.
To verify that J is a chain homotopy from [[x, y], z] → [[x, y], z] +
[y, [x, z]], there are two conditions to verify. First, for each u0, v0, w0 ∈
L0, we must check that
dJ(u0, v0, w0) = −[[u0, v0], w0] + [[u0, w0], v0] + [u0, [v0, w0]]. (8.23)
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The left-hand side is 0 by definition, whereas it is easy to verify that
the right-hand side vanishes using the Jacobi identity for vector fields
on M . The second condition is that for v0, w0 ∈ V0 and v1 ∈ V1, we
have
J(dv1, v0, w0) = −[[v0, w0], v1] + [[v0, v1], w0] + [v0, [w0, v1]]. (8.24)
Again, the left-hand side is zero, and a simple computation shows that
the right-hand side vanishes as well.
Finally, because J = 0, the condition (8.16) trivial.
9 Connective structures and curvings
Given a Dixmier-Douady gerbe G over a manifold M , Brylinski [?,
Br1]ntroduced the notions of a connective structure A on G and a
curving K for A. We now explain how these structures emerge very
naturally from the point of view of the infinitesimal symmetries of G
introduced in the previous sections. For simplicity we begin by working
in the Cech picture.
Let {{Ui}, {Qi}, {sij}} be such a collection of local trivializations
with corresponding Cech data {gijk}, and let Lgijk be the corresond-
ing category of lifts described in definition (6.11). Since by definition
the category C∞(TM) has only trivial morphisms, we take a linear
splitting of the projection π to be a linear splitting of the sequence of
vector spaces
0 // Ker(π) // Obj(Lgijk )
π
// C∞(TM) // 0. (9.1)
Such a splitting can be obtained from a collection of 1-forms {Aij ∈
T ∗Uij} by setting {fij(ξ) = ιξAij}; the condition (6.8) is equivalent to
the condition
Ajk −Aik +Aij = d log(gijk). (9.2)
Such a collection of 1-forms is precisely the data needed to specify a
connective structure on G in the Cech picture [15]. Thus, given such a
collection of 1-forms, we may define the horizontal lift ξˆh of a vector
field ξ to be given by the Cech data {f ξ
h
ij = ιξAij}.
Next, let ξ, η be a pair of vector fields on M . Note that in general
we have no natural way to compare the lifts [̂ξ, η]
h
and [ξˆh, ηˆh], whose
Cech data are given respectively by
f
[̂ξ,η]
h
ij = ι[ξ,η]Aij (9.3)
and
f
[ξˆh,ηˆh]
ij = ξ · (ιηAij)− η · (ιξAij). (9.4)
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On the other hand, suppose that we are given the additional structure
of a curving: in the Cech picture this is a collection of 2-forms {Bi ∈
iΩ2(Ui)} such that on overlaps we have
Bj −Bi = dAij . (9.5)
A simple calculation shows that
f
[ξˆh,ηˆh]
ij − f
[̂ξ,η]
h
ij = ιηιξdAij , (9.6)
and it therefore follows that
{ui = ιηιξBi} (9.7)
defines a morphism in the Cech picture between the two lifts (9.3) and
(9.4).
With the above discussion as motivation, we recall the definition
of a connective structure on G in the language of sheaves of categories.
The following is a restatement of definition (5.31) from [7] in the lan-
guage of §4.
Definition 9.8. A connective structure on G is a morphism of gerbes
A : G → B(iΩ1M ) (9.9)
intertwining the homomorphism
− d log : TM → iΩ
1
M . (9.10)
Notation 9.11. For each object Q of G over U , A(Q) is a sheaf over U .
We often write µ ∈ A(Q) to denote that µ is a global section of A(Q);
we call such a µ a connection on Q.
Notation 9.12. Given an inclusion of open sets i : V →֒ U , P ∈ G(U)
and µ ∈ A(P ), we obtain an element of A(i∗P ) in two steps (see
definition (B.12)): first we restrict µ to V to obtain an element of the
iΩ1V torsor i
∗A(P ). Then using the natural isomorphism
i∗A(P )
∼=
// A(i∗P ) (9.13)
(which is given as part of the data of the 1-morphism A), we obtain
an element of A(i∗P ). Using a slight abuse of notation, we will denote
this element either by µ|V or i
∗µ.
Remark 9.14. Definition (9.8) can easily be generalized to any gerbe
with band AM for A an abelian Lie group; the sheaf iΩ
1
M is replaced by
the sheaf of Lie(A)-valued 1-forms. We will later use the case A = iR,
where we make the identification Lie(iR) := iR.
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Example 9.15. Let B(TM ) denote the trivial DD gerbe over M whose
objects are TU -torsors for open sets U ⊂ M . We define the trivial
connective structure A0TM
on B(TM ) as the 1-morphism which assigns
to each torsor its sheaf of connections. We can rephrase this definition
using the discussion of example (3.33) as well as proposition (4.17).
Namely, the trivial connective structure on B(TM ) can be define as
the 1-morphism of gerbes
− d log[·] : B(TM )→ B(iΩ
1
M ). (9.16)
We have the following definition of the horizontal lift in sheaf lan-
guage.
Definition 9.17. For each vector field ξ on M , the horizontal lift ξˆh
of ξ to G is the composition of 1-morphisms
G
A
// B(iΩ1M )
(ιξ)[·]
// B(iRM )
P
 // A(P )  // ιξ[A(P )].
(9.18)
In order to explain the connection between this definition and the
definition of the horizontal lift in the Cech picture, let us return to
the situation that we have a collection of local trivializations for G. To
express A in terms of Cech data, let us choose connections µi ∈ A(Qi).
If we define 1-forms Aij on overlaps by the equation
µj = (sij)∗µi +Aij , (9.19)
then (9.8) implies that on triple overlaps these 1-forms satisfy equation
(9.2). Given a vector field ξ on M , let ξˆh = ιξd[A] be the horizontal
lift given in definition (9.17). Then we obtain sections
ri = ιξ[µi] ∈ Fξˆh(Qi), (9.20)
and a simple calculation shows that the corresponding Cech data is
given by {ιξAij}.
Let us also recall Brylinski’s definition of a curving for A.
Definition 9.21. ([7], def. 5.3.7) Let G be a DD gerbe over a manifold
M equipped with a connective structure A. A curving of the connective
structure is a function which assigns to each object P ∈ G(U) and
each local section µ ∈ A(P )(V ) (for V ⊂ U an open subset) a 2-form
K(µ) ∈ iΩ2(V ), such that the following properties are satisfied:
(1) For each inclusion of open sets i : W →֒ V , each P ∈ G(U) and
µ ∈ A(P )(V ), we have
K(i∗µ) = K(µ)|W (9.22)
37
(2) For each pair of objects P,Q ∈ G(U), each morphism ψ ∈ Hom(P,Q)(V ),
and each µ ∈ A(P )(V ), we have
K(ψ∗µ) = K(µ) (9.23)
(3) For each object P ∈ G(U), each µ ∈ A(P )(V ) and each 1-form
α ∈ iΩ1(V ), we have
K(µ+ α) = K(µ) + dα (9.24)
Remark 9.25. Given an iΩ1U -torsor A, a map from A to iΩ
2
U inter-
twining d : iΩ1U → iΩ
2
U is equivalent to a isomorphism of iΩ
2
U -torsors
d[A]
∼=
// iΩ2U . Unravelling definition (B.17), it follows that a curving
for A is equivalent to a 2-morphism
d[A]
∼=
// iΩ2M , (9.26)
where iΩ2M denotes the trivial 1-morphism from G to B(iΩ
2
M ) sending
every object Q ∈ G(U) to the trivial iΩ2U -torsor iΩ
2
U .
Example 9.27. Let A0T denote the trivial connective structure on the
trivial DD gerbe BTM . Then the trivial curving for A
0
T assigns to each
connection its curvature 2-form.
To see how definition (9.21) appears in the Cech picture, define
2-forms Bi ∈ iΩ
2(Ui) by
Bi = K(µi). (9.28)
It then follows from definition (9.21) that on overlaps these satisfy
equation (9.5).
Remark 9.29. Although we will not do this, it is possible to construct
the natural isomorphism (9.7) in the sheaf language.
Next, we recall the definition of the curvature 3-form associated to
a curving.
Definition 9.30. Given a connective structure A on a gerbe G and
curvingK on a DD gerbe over a manifoldM , the curvature of (G,A,K)
is the 3-form C on M defined locally by C = dK(µ), where µ is a sec-
tion of A(Q) for Q ∈ G(U).
Recall that if Θ is a connection on a principal T-bundle E → M ,
then the curvature 2-form of Θ measures the failure of the splitting
of the sequence (1.2) determined by Θ to be a homomorphism of Lie
algebras. To understand the analogous situation for gerbes, we need
the notion of a homomorphism of 2-term L∞-algebras.
Definition 9.31. ([1] def. 34) Let V and V ′ be 2-term L∞-algebras.
An L∞-homomorphism φ : V → V
′ consists of
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1. a degree 0 chain map φ : V → V ′,
2. an antisymmetric degree 1 chain map φ2 : V ⊗ V → V
′
such that the following equations hold:
(1) d(φ2(x, y)) = φ[x, y]− [φ(x), φ(y)] for all x, y ∈ V , and
(2) [φ2(x, y), φ(z)]+φ2([x, y], z)+φ(J(x, y, z)) = J(φ(x), φ(y), φ(z))+
[φ(x), φ2(y, z)]+[φ2(x, z), φ(y)]+φ2(x, [y, z])+φ2([x, z], y) for all
x, y, z ∈ V0.
We make C∞(TM) into a 2-term L∞-algebra by setting V0 =
C∞(TM), V1 = 0, with bracket given by the Lie bracket. We then
can extend the linear map from Obj(Lgijk )→ C
∞(TM) in an obvious
way to an L∞-homomorphism. In the language of defintion (9.3) from
[20], we obtain a strict central extension of L∞-algebras
Lgijk (0)→ L{gijk} → C
∞(TM). (9.32)
One should compare this extension to (1.2), noting that the category
Lgijk is naturally isomorphic to the category of principal iR-bundles
over M .
Let us try to construct a splitting of the extension (9.32), i.e. an
L∞-homomorphism φ : C
∞(TM)→ Lgijk such that π◦φ is the identity
on C∞(TM).4 A degree zero chain map φ : C∞ → Lgijk is simply a
linear splitting of the projection Obj(Lgijk ) → C
∞(TM), which we
have already seen is essentially equivalent to a connective structure
{Aij} on G in the Cech picture. Similarly, it follows from the discussion
at the beginning of this section that an antisymmetric degree 1 chain
map φ2 : C
∞(TM) ⊗ C∞(TM) → Lgijk is essentially equivalent to a
curving {Bi}.
Finally, since the Jacobiator maps J vanish for both C∞(M) and L,
it follows from definition (9.31) that (φ, φ2) defines an L∞-homomorphism
if and only if for each ξ, η, τ ∈ C∞(M) we have
[φ2(ξ, η), φ(τ)] + φ2([ξ, η], τ) − [φ(ξ), φ2(η, τ)] (9.33)
− [φ2(ξ, τ), φ(η)] − φ2(ξ, [η, τ ]) = 0.
However, the left hand side of this equation is the element {ui} ∈ L
1
given by
ui = τ ·Bi(ξ, η)−Bi([ξ, η], τ) + ξ · Bi(η, τ) (9.34)
− η ·Bi(ξ, τ) −Bi([η, τ ], ξ) +B([ξ, τ ], η)
= C(ξ, η, τ),
where C = dBi is the curvature 3-form. We therefore see that the
curvature (or rather its de Rham cohomology class) is an obstruction
to the existence of a splitting of (9.32) as Lie 2-algebras.
4More generally we would ask only for a chain homotopy from pi ◦ φ to the identity
map.
10 Infinitesimal symmetries of gerbes with
connective structure
In this section we will study symmetries of a gerbe G equipped with
a connective structure A. We begin by extending definition (5.23) to
take the connective structure into account. The motivation for this
definition can best be understood by studying the relationship to fam-
ilies of symmetries of gerbes with connective structure, as discussed
in appendix A. In §11 we generalize the results in §7 to establish an
equivalence between a local version of the category of 1-parameter fam-
ilies of connective lifts and the category of infinitesimal connective lifts
defined below.
If (P,Θ) and (P ′,Θ′) are principal T-bundles with connection over
a manifold M , then given an isomorphism ψ : P → P ′ of the un-
derlying principal bundles, we may ask whether ψ is compatible with
the connections Θ,Θ′: concretely, Θ and Θ′ are differential forms and
we may compare Θ with ψ∗Θ′. By contrast, given Dixmier-Douady
gerbes (G, A), (G′,A′) with connective structures and a 1-morphism
Ψ : G → G′, it is no longer the right question to ask whether A is
equal to Ψ∗A. Rather, we must extend Ψ to a connective isomorphism
by specifying extra data in the form of an isomorphism A
∼=
// Ψ∗A′.
Recall from definition (9.8) that the connective structure A′ is a 1-
morphism of gerbes
G′ → B(iΩ1M ); (10.1)
by definition the pull-back Ψ∗(A′) is the composition
A′ ◦Ψ : G → B(iΩ1M ). (10.2)
In this language an extension of Φ to a connective isomorphism is given
by a 2-morphism
A
∼=
+3 A′ ◦Ψ. (10.3)
The analogous situation for infinitesimal symmetries is given in the
following definition.
Definition 10.4. Let G be a DD gerbe over a manifold M with con-
nective structure A. Given ξ ∈ C∞(TM), a connective lift ξˇ of ξ to
G is a pair ξˇ = (Fξˇ,Θξˇ), where Fξˇ is a lift of ξ to G in the sense of
definition (5.23), and Θξˆ : £−ξ[A]
∼=
+3 A0iRFξˆ is a 2-morphism.
More explicitly, for every object Q ∈ G(U) and every local sec-
tion µ of A(Q), a connective lift determines a local connection Θξˇ(µ)
on Fξˇ(Q). Furthermore, this assignment is natural in Q in the sense
described in (B.17), and for every 1-form α ∈ iΩ1(U) we have
Θξˇ(µ+ α) = Θξˇ(µ)−£ξα. (10.5)
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Example 10.6. Given a vector field ξ on M , recall from example (5.28)
the trivial lift ξˆ0 of ξˆ to the trivial gerbe B(TM ). This lift assigns to
every TU -torsor P the associated iRU -torsor
− ιξd log[P ]. (10.7)
We wish to extend this to define a trival connective lift of ξ to B(TM )
equipped with the trivial connective structure A0TM . Suppose Θ is a
connection on a TM -torsor P , then we will define a connection −£ξ(Θ)
on −ιξd log[P ] as follows. Each local section of −ιξd log[P ] is of the
form
− ιξd log[σ] + f, (10.8)
where σ is a local section of P and f is a local iR-valued function.
−£ξ(Θ) is then defined by the formula
A−£ξ(Θ)(−ιξd log[σ] + f) = −£ξAΘ(σ) + df. (10.9)
Using the Cartan formula £ξ = dιξ + ιξd, one easily checks that equa-
tion (A.47) is well-defined.
Definition 10.10. The trivial connective lift ξˇ0 of ξ to (B(TM ),A
0
TM
)
is the pair (ξˆ0,Θξˇ0), where ξˆ0 is the trivial lift defined in (5.28), and
for each iRU -torsor P we have
(Θξ)P : £−ξ[A
0
TM
(P )]→ A0iRM ◦ ξˆ0(P ) (10.11)
£−ξ[Θ] 7→ −£ξ(Θ).
We next wish to define the category of connective lifts.
Definition 10.12. Given connective lifts ξˇ = (Fξˇ,Θξˇ) and ξˇ
′ = (Fξˇ′ ,Θξˇ′)
of a vector field ξ, an equivalence T between the underlying (non-
connective) lifts Fξˇ, Fξˇ′ is an equivalence of connective lifts if the fol-
lowing diagram commutes:
A
Θξˇ

Θξˇ′
$,
PP
PP
PP
PP
PP
PP
P
PP
PP
PP
PP
PP
PP
P
A0 ◦ Fξˇ
1A0∗T
+3 A0 ◦ Fξˇ′ .
(10.13)
Remark 10.14. In more concrete terms, the condition (10.13) says that
for each Q ∈ G(U), µ ∈ A(Q) and each σ ∈ Fξˇ(Q), we have
AΘξˇ′(µ)(TQ(σ)) = AΘξˇ(µ)(σ). (10.15)
In particular, suppose ξˇ = ξˇ′, then by theorem (6.18) T is given by
TQ : Fξˇ(Q)→ Fξˇ(Q) (10.16)
σ 7→ σ + f |U ,
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for each Q ∈ G(U), where f : M → iR is a globally defined function.
Equation (10.15) therefore implies that T gives an automorphism of ξˇ
if and only if f is locally constant.
Definition 10.17. LˇG is the category whose objects are connective lifts
and whose morphisms are connective equivalences of lifts.
Notation 10.18. For each vector field ξ on M LˇG(ξ) denotes the sub-
category of connective lifts of ξ to G.
Remark 10.19. We remark that the construction of the functors ⊞, λ⊙
and [·, ·] given in proposition (8.1) generalizes to the connective setting.
In particular, the bracket functor is extended explicitly as follows. Let
ξˇ = (Fξˇ,Θξˇ) and ηˇ = (Fηˇ ,Θξˇ) be connective lifts of the vector fields
ξ, η, respectively. Then for each local section µ of A(P ), Θ[ξˇ,ηˇ](µ) is
the connection on F[ξˇ,ηˇ](P ) given by
AΘ[ξˆ,ηˆ] : ξ[σ1]⊟ η[σ2] 7→ £ξAΘηˆ(µ)(σ1)−£ηAΘξˆ(µ)(σ2) (10.20)
where σ1 and σ2 are local sections of Fξˇ(P ) and Fηˇ, respectively. We
will explain how the bracket appears in the Cech picture below.
10.1 Connective lifts in the Cech picture
Let us describe the category of connective lifts in the Cech picture. Let
{{Ui}, {Qi}, {sij}, {µi}} (10.21)
be a collection of local trivializations of (G,A). Recall that if we define
1-forms Aij on Uij by
µj = (sij)∗µi −Aij , (10.22)
then these satisfy
Ajk −Aik +Aij = d log(gijk) (10.23)
on triple overlaps.
Next, let ξˇ = (Fξˇ,Θξˇ) be a connective lift of ξ to (G,A), and
suppose we have chosen local sections ri ∈ Fξˇ(Qi). Then for each i we
obtain a connection νi = Θξˇ(µi) on Fξˇ(Qi), and we can define 1-forms
ai = Aνi(ri) ∈ iΩ
1
Ui
. (10.24)
Proposition 10.25. On overlaps Uij, we have
aj − ai = dfij +£ξAij . (10.26)
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Proof. The naturality of of Θξˇ implies that the diagram
A(Qi)
(Θξˇ)Qi
//
A(sij)

A0(FξˇQi)
A0(Fξˇ(sij))

A(Qj)
(Θξˇ)Qj
// A0(FξˇQj)
(10.27)
commutes on each overlap Uij ; we therefore have
A0(Fξˇ(sij))Θξˇ(µi) = Θξˇ(A(sij)(µi)). (10.28)
The left-hand side of this equation is equal to
Fξˇ(sij)∗νi, (10.29)
whereas the right-hand side is
Θξˇ(µj −Aij) = νj +£ξAij . (10.30)
We therefore have
aj =Aνj (rj) (10.31)
=Aνj (Fξˇ(sij)ri + fij)
=Aνj (Fξˇ(sij)ri) + dfij
=AFξˇ(sij)∗νi−£ξAij (Fξˇ(sij)ri) + dfij
=AFξˇ(sij)∗νi(Fξˇ(sij)ri)−£ξAij + dfij
=Aνi(ri) + dfij −£ξAij
=ai + dfij −£ξAij . (10.32)
Next, let τ : (Fξˇ,Θξˇ) → (Fξˇ′ ,Θξˇ′) be an equivalence of connective
lifts, and let {r′i} be a collection of local trivializations of Fξˇ′ , with
corresponding Cech data {a′i} and {f
′
ij}. Recall from §6, that if we
define local iR-valued functions ui by
r′i = τQi(ri) + ui, (10.33)
then these functions satisfy
f ′ij − fij = ui − uj . (10.34)
Unravelling definition (10.12), we see that
ν′i = Θξˇ′(µi) = (τQi )∗νi. (10.35)
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We therefore have
a′i =Aν′i(r
′
i) (10.36)
=A(τQi )∗νi(τQi(ri) + ui)
=A(τQi )∗νi(τQi(ri)) + dui
=Aνi(ri) + dui
=ai + dui, (10.37)
and therefore a′i − ai = dui on overlaps.
Definition 10.38. Let {gijk : Uijk → T} be a Cech cocycle on a mani-
fold M with respect to a good open cover {Ui}, and let {Aij ∈ iΩ
1(Uij)}
be a collection of 1-forms satisfying equation (9.2) on triple overlaps.
The category L(gijk ,Aij) has as objects the set of triples (ξ, {fij}, {ai}),
where the functions fij satisfy equation (6.8), and ai ∈ iΩ(Ui) is a
collection of 1-forms satisfying equation (10.26). A morphism from
(ξ, {f ξˇij}, {a
ξˇ
i}) → (ξ, {f
ξˇ′
ij }, {a
ξˇ′
i }) is a collection of local functions
{ui : Ui → iR} such that on each overlap Uij we have f
ξˇ′
ij−f
ξˇ
ij = ui−uj,
and on each Ui we have a
ξˇ′
i − a
ξˇ
i = dui.
We can now generalize theorem (6.13) to the connective case.
Theorem 10.39. Let {gijk} and {Aij} be as in definition (10.38),
and let
π : L(gijk ,Aij) → Lgijk (10.40)
be the obvious forgetful functor. Then for each vector field ξ on M and
each {f ξˇij} ∈ Lgijk (ξ), the set π
−1({f ξˇij}) of connective lifts extending
{f ξˇij} is a torsor for global 1-forms on M , where the action of α ∈
iΩ1(M) on ξˇ = (ξ, {f ξˇij}, {ai}) is given by
ξˇ + α = (ξ, {f ξˇij}, {ai + α|Ui}). (10.41)
Proof. Let ξˆ = (ξ, {f ξˆij}) be an object of Lgijk (ξ), and let
βij = df
ξˆ
ij −£ξAij . (10.42)
Then the Cech coboundary of {βij} is given by
(∂β)ijk = d(∂f)ijk − £ξ(∂A)ijk (10.43)
= d(ιξd log(gijk))−£ξ(d log(gijk)) = 0.
Using partitions of unity we may therefore find ai ∈ iΩ
1
Ui
such that
aj − ai = df
ξˆ
ij − £ξAij (10.44)
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on overlaps. Thus there exists an extension ξˇ = (ξ, {f ξˆij}, {ai}) of
(ξ, {f ξˆij}) to a connective lift.
Given a global 1-form α, the formula (10.41) clearly defines a new
connective lift ξˇ + α. On the other hand, given two connective lifts
(ξ, {f ξˇij}, {a
ξˇ
i}), (ξ, {f
ξˇ′
ij }, {a
ξˇ′
i }), if we define αi = a
ξˇ′
i − a
ξˇ
i , then we
must have αi|Uij = αj |Uij , so that there is a global 1-form α with
αi = α|Ui .
We can also generalize theorem (6.17), the proof of which is in
appendix B.
Theorem 10.45. Let {{Ui}, {sij}, {µi}} be a collection of local triv-
ializations of (G,A) with corresponding Cech data {gijk, Aij}. Then
there is an equivalence of categories L(gijk,Aij) → L(G,A).
For each vector field ξ on M , let L(G,A)(ξ) denote the subcategory
consisting of connective lifts of ξ to G. Also, let π : L(G,A)(ξ)→ LG(ξ)
denote the obvious forgetful functor.
Corollary 10.46. For each vector field ξ on M and each ξˆ ∈ LG(ξ),
the set π−1(ξˆ) of connective lifts extending ξ is a torsor for the group
of global 1-forms on M . For each ξˇ ∈ Lˇ(G,A)(ξ), the automorphism
group of ξˇ is canonically isomorphic to the group of locally constant
iR-valued functions on M .
To end this section, we will generalize the construction in theorem
(8.18) to give L(gijk,Aij) the structure of a 2-term L∞ algebra. First,
one can checks that the bracket functor in the Cech picture is given by
[(ξ, {f ξˆij}, {a
ξˆ
i}), (η, {f
ηˆ
ij}, {a
ηˆ
i })] (10.47)
=([ξ, η], {ξ(f ηˆij)− η(f
ξˆ
ij)}, {£ξa
ηˆ
i −£ηa
ξˆ
i }).
We then have the following proposition, whose proof is an easy
extension of the proof of (8.18).
Proposition 10.48. Let {Ui} be an open cover of a manifold M , and
let {gijk} be a T-valued Cech cocycle. Then there is a 2-term L∞
algebra Vˇ with Vˇ0 = Ob(L(gijk ,Aij)) and Vˇ1 = {{ui : Ui → iR}}, and
such that
1. d : Vˇ1 → Vˇ0 is given by
{ui} 7→ (0, {ui − uj}, {dui}), (10.49)
for each {ui} ∈ Vˇ1.
2. [·, ·] is given on elements of Vˇ0 by equation (10.47). Given ξˇ =
(ξ, {f ξˇij}, {a
ξˇ
i}) ∈ Vˇ0 and u = {ui} ∈ Vˇ1, we define
[ξˇ, u] = {ξ(ui)} = −[u, ξˇ]. (10.50)
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3. J = 0.
11 Local flows and infinitesimal connec-
tive symmetries
Given a local flow Φ and vector field ξ on M as described in §7, we
now wish to generalize theorem (7.36) establishing a local equivalence
between the category of connective lifts of ξ to G and the category of
1-parameter connective lifts of Φ to G. Since every gerbe with connec-
tive structure is locally isomorphic to the trivial gerbe with the trivial
connective structure, it is enough to consider this case. We work with
the simplicial manifold U• introduced in §7. As discussed in appendix
A, we work with sheaves of relative 1-forms over the manifolds U i,
with respect to the projections U i → Ri. These can be described as
follows: for each i ≥ 0 and each ~t ∈ Ri, let U~t ⊂ U
i be the submanifold
U×{~t}. Then iΩ1Ui,rel is the quotient of the sheaf iΩ
1
Ui by the subsheaf
of 1-forms whose restriction to U~t vanishes for each ~t ∈ R
i.
Terminology 11.1. If α is a 1-form whose restriction to each U~t is zero,
we say that α vanishes in the M -direction.
Given a principal T-bundle E → U i, we have the notion of a relative
connection on E, which we view as a sheaf homomorphism from E →
iΩ1Ui,rel intertwining the homomorphism
TUi
d log
// iΩ1Ui
// iΩ1Ui,rel, (11.2)
where the second map is the quotient. The set Arel(E) of all such such
relative connections is a torsor for the group of relative 1-forms on U i.
Furthermore we have a quotient map A(E) → Arel(E) intertwining
the quotient map iΩ1Ui → iΩ
1
Ui,rel.
Definition 11.3. Given α ∈ iΩ1Mi,rel, we define
δα = p∗0α− p
∗
1α+ · · · (−1)
i+1p∗i+1α ∈: iΩ
1
Ui,rel (11.4)
Remark 11.5. Given α ∈ iΩ1Mi vanishing in the M -direction, a simple
calculation shows that
p∗0α− p
∗
1α+ · · ·+ (−1)
i+1p∗i+1α (11.6)
also vanishes in the M -direction. Therefore (11.4) is well-defined.
Remark 11.7. Given a TUi -torsor S, recall from §7 that we obtain a
TUi+1 -torsor δS. If Θ is a relative connection on S, then we obtain in
a natural way a relative connection δΘ on δS.
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Remark 11.8. Given a 1-form α on U1 vanishing in the M direction,
note that the Lie derivative
£ d
dt
α (11.9)
also vanishes in the M direction. Therefore we obtain a well-defined
Lie derivative
£ d
dt
: iΩ1U1,rel → iΩ
1
U1,rel. (11.10)
Furthermore, given a TU1 -torsor E with relative connection Θ, we can
generalize the construction in example (10.6) to construct a relative
connection £ d
dt
(Θ) on the iRU0 -torsor ι d
dt
d log[E] according to the for-
mula
A£ d
dt
(Θ)(ιξd log[σ] + f) = £ d
dt
AΘ(σ) + df. (11.11)
Definition 11.12. A local connective lift of Φ to B(TU ) consists of
a quadruple (S, e, σ,Θ), where (S, e, σ) are as in definition (7.16), and
Θ is a relative connection on S satisfying
(i) As∗0Θ(e) = 0 and
(ii) AδΘ(σ) = 0.
Given another local lift (S′, e′, σ,Θ′) and isomorphism of lifts from
(S, e, σ,Θ) to (S′, e′, σ′,Θ′) is an equivalence Ψ : (S, e, σ)→ (S′, e′, σ′)
as in definition (7.16) satisfying Ψ∗Θ′ = Θ. We denote the resulting
category by Lˇ(Φ).
We next extend the differentiation functor D defined in (7.33) to
a functor Dˇ that takes connections into account. Let Lˇ(ξ) denote the
category of connective lifts of ξ to the trivial gerbe with trivial connec-
tive structure over U0. It follows from (10.46) that every connective
lift ξˇ = (Fξˇ,Θξˇ) ∈ Lˇ(ξ) of ξ is determined by iRU0 -torsor Fξˇ(TU0)
with the connection
Θξˇ(Θ0), (11.13)
where Θ0 is the trivial flat connection on TU0 . Put differently, there is
an equivalence of categories from Lˇ(ξ) to the category TˇoriRU0 whose
objects are iRU0 -torsors with connection. For simplicity, we will there-
fore take TˇoriR
U0
to be the codomain of the differentiation functor Dˇ.
Given (S, e, σ,Θ) ∈ L(Φ), recall from remark (11.8) that we obtain
a relative connection £ d
dt
(Θ) on ι d
dt
d log[S]. Furthermore, we can re-
strict to obtain a connection D(Θ) = i∗£ d
dt
(Θ) on the restriction of
ι d
dt
d log[S] to U0. One easily checks that the assignment Θ 7→ D(Θ) is
functorial.
Definition 11.14. The functor
Dˇ : Lˇ(Φ)→ TˇoriRU0 (11.15)
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assigns to each element (S, e, σ,Θ) the iRU0-torsor with connection
(D(S), D(Θ)). (11.16)
Theorem 11.17. Dˇ is an equivalence of categories.
Proof. Let Φˆ0 ∈ L(Φ) be the trivial lift of Φ, and let Lˇ0(Φ) denote
the subcategory of Lˇ(Φ) whose underlying non-connective lift is Φˆ0. It
follows from proposition (7.17) that the inclusion of Lˇ0(Φ) into Lˇ(Φ)
is an equivalence of categories. Similarly, let Lˇ0(ξ) denote the subcat-
egory of TˇorıRU0 with underlying torsor E0 = D(Φˆ0); thus an element
of Lˇ0(ξ) is a connection Θ on E0 and a morphism from Θ → Θ
′ is
an automorphism of E0 taking Θ to Θ
′. Since every iRU0 -torsor is
isomorphic to E0, it follows that the inclusion Lˇ0(ξ)→ TˇoriRU0 is an
equivalence of categories. Therefore, it is sufficient to check that the
restriction
Dˇ : Lˇ0(Φ)→ Lˇ0(ξ) (11.18)
is an equivalence of categories.
Note that we may identify the set of objects of Lˇ0(Φ) with the set of
relative 1-forms A on U1 satisfying conditions (i) and (ii) in definition
(11.12). Let us call this set ZiΩ1 . We may view A ∈ ZiΩ1 as a section
(x,~t) 7→ A(x,~t) := Ax(~t) ∈ T
∗
xM. (11.19)
The conditions (i) and (ii) can then be written
ϕ∗tAϕt(x)(t
′)−Ax(t+ t
′) +Ax(t) = 0 (11.20)
for each x ∈ V and
A(0) = 0. (11.21)
We have a linear differentiation map
∆iΩ1 : ZiΩ1 → iΩ
1(U0) (11.22)
mapping A ∈ ZiΩ1 to
d
ds
|s=0Ax(s) (11.23)
Lemma 11.24. ∆iΩ1 is an isomorphism of vector spaces.
Proof. Denote ∆iΩ1A by α ∈ iΩ
1(U0). Equation (11.20) implies that
Ax(t+ t
′)−Ax(t)
t′
= ϕ∗t (
A(t′)
t′
), (11.25)
and therefore
d
ds
|s=tAx(s) = ϕ
∗
t
d
ds
|s=0Aϕt(x)(s) = ϕ
∗
tαϕt . (11.26)
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By the fundamental theorem of calculus and condition (11.21) we
therefore have
Ax(t) =
∫ t
0
ϕ∗sαϕs(x)ds. (11.27)
Therefore A is completely determined by α and ∆iΩ1 is injective. Con-
versely, given an arbitrary α ∈ iΩ1(U0), it is easly verified that the
relative 1-form on U1 defined by equation (11.27) is an element of Z,
i.e. it satisfies conditions (11.20) and (11.21).
Similarly, we my identify the set of objects of Lˇ0(ξ) with the set
iΩ1U0 of 1-forms on U
0. Moreover, we have a commutative diagram
ZiΩ1
∼=
//
∆iΩ1

Ob(Lˇ0(Φ))
Dˇ

iΩ1U0 ∼=
// Ob(Lˇ0(ξ)).
(11.28)
Thus, lemma (11.24) implies that D is a bijection on the level of
objects. Since both categories are groupoids, it only remains to show
that for every object x ∈ Lˇ0(Φ) that D gives an isomorphism from
Aut(x)
∼=
// Aut(Dˇ(x)).
Recall the set ZT of functions U
1 → T defined in the proof of
theorem (7.36), as well as the map ∆ : ZT → iC
∞(U0). One easily
checks that an element g ∈ ZT defines an automorphism of x if and
only if the relative 1-form on U1 determined by d log g is equal to zero;
call this subset Z0 ⊂ ZT. On the other hand, a function f : U
0 → iR
defines an automorphism of D(x) if and only if f is constant. Equation
(7.48) then implies that ∆T : Z → iC
∞(U0) restricts to a bijection
between Z0 and the constant functions on U
0.
12 The Courant Algebroid Associated to
LˇG
In [15], starting with Cech data for a DD gerbe with connective struc-
ture over a manifold M , Hitchin constructs an extension of vector
bundles
0 // T ∗M // E // TM // 0 , (12.1)
which he calls the “generalized tangent bundle”.5 Moreover, the vector
bundle E is equipped with a symmetric, non-degenerate pairing and a
5For an alternative construction due originally to Severa in terms of “conducting bun-
dles”, see [6].
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skew-symmetric bracket, giving E the structure of a Courant Algebroid
[13]. In this section we give an alternative construction of this alge-
broid in terms of the category of infinitesimal connective symmetries of
(G,A).6 In particular, our construction does not depend on a choice of
local trivializations for (G,A); given such a choice, however, we explain
how to compare our construction with that of Hitchin. It follows from
the results of [21] than any Courant algebroid E gives rise to a 2-term
L∞-algebra LE. We recall this construction and prove that there is
an isomorphism of L∞-algebras LE ∼= L(gijk ,Aij). Since the latter is a
strict 2-term L∞-algebra (i.e. J = 0), we obtain a useful perspective
on LE.
12.1 The Courant Algebroid associated to ({gijk}, {Aij}).
On any smooth manifoldM , the Courant bracket is defined on sections
of TM ⊕ T ∗M by the formula [13]
[ξ + a, η + b]c = [ξ, η] +£ξb −£ηa−
1
2
dιξb+
1
2
dιηa. (12.2)
Here ξ and η are vector fields, a and b are 1-forms, and [ξ, η] is the
regular Lie bracket of vector fields. This bracket has several interesting
features. First, although it is skew symmetric, it does not satisfy the
Jacobi identity. However, the defect in the Jacobi identity is easily
expressed in terms of the non-degenerate pairing on C∞(TM ⊕ T ∗M)
given by
〈ξ + a, η + b〉 =
1
2
(ιξb+ ιηa). (12.3)
If we define
Jac(A,B,C) = [[A,B]c, C]c + [[B,C]c, A]c + [[C,A]c, B]c (12.4)
for A,B,C ∈ C∞(TM ⊕ T ∗M), then one can show (see for example
[13])
Jac(A,B,C) = d(Nij(A,B,C)), (12.5)
where the Nijenhuis tensor Nij is defined
Nij(A,B,C) =
1
3
(〈[A,B]c, C〉+ 〈[B,C]c, A〉+ 〈[C,A]c, B〉). (12.6)
The properties of the Courant bracket and pairing on TM ⊕ T ∗M
motivate the definition of a Courant algebroid [13][6].
6More precisely, for simplicity we give a construction of the C∞M -module of global
sections of E. Since all our constructions in this paper are local, however, we could easily
generalize to construct the entire sheaf of sections of E.
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Another interesting feature of the Courant bracket is that it admits
“B-field” transformations as symmetries. Namely, if B is a closed 2-
form on M , then a simple computation shows
[ξ + a+ ιξB, η + b+ ιηB]c = [ξ + a, η + b]c + ι[ξ,η]B (12.7)
so that the transformation
ξ + a 7→ ξ + a+ ιξB (12.8)
is compatible with the bracket. In addition, the skew-symmetry of
B implies that the transformation (12.8) preserves the pairing (12.3).
The existence of these symmetries allows one to “twist” the Courant
bracket on TM ⊕ T ∗M to obtain more general Courant algebroids.
In particular, suppose we are given a DD gerbe with connective
structure (G,A) overM , then we recall the following construction from
[15]. Let {{Ui}, {Qi}, {sij}, {µi}} be a collection of local trivializations
for (G,A), and let {{gijk}, {Aij}} be the corresponding Cech data.
From the relation
Ajk −Aik +Aij = d log(gijk), (12.9)
it follows that the linear transformation(
1 0
−dAij 1
)
: TUij ⊕ T
∗Uij → TUij ⊕ T
∗Uij (12.10)
defines an extension E of TM by T ∗M , where dAij acts on TUij by
contraction ξ 7→ ιξdAij . In other words, a (global) section of E is
described by a pair (ξ, {ai}) with ai ∈ iΩ
1(Ui) satisfying
aj − ai = −ιξdAij (12.11)
on the overlaps Uij . Because the 2-forms dAij are closed, we obtain
a well-defined Courant bracket [·, ·]E and bilinear pairing 〈·, ·〉E on
sections of E.
Suppose that in addition we are given a curving K for A with
corresponding 2-forms
Bi = K(µi) (12.12)
satisfying
Bj −Bi = dAij (12.13)
as discussed in §9. We can then define a splitting s : TM ⊕T ∗M → E
by
s(ξ + a) = (ξ, {a− ιξBi}). (12.14)
We then have
〈s(ξ + a), s(η + b)〉E = 〈ξ + a, η + b〉 (12.15)
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and
[s(ξ + a), s(η + b)]E = s([ξ + a, η + b]c) + ιξιηC, (12.16)
where C = dBi is the curvature form.
12.2 The Courant algebroid in terms of infinitesi-
mal connective lifts
We next explain a construction of E in terms of our category of in-
finitesimal connective lifts. Let
π˜ : L(G,A) → LG (12.17)
be the obvious forgetful functor. Recall from proposition (10.46) that
for each object ξˆ ∈ LG , the set π˜
−1(ξˆ) of connective lifts extending ξˆ
is a torsor for the group of 1-forms iΩ1. Furthermore, since we have
specified a connective structure A on G, for each vector field ξ we have
the horizontal lift ξˆh ∈ LG(ξ) defined in (9.17). We may then define
Definition 12.18.
E =
∐
ξ∈C∞(TM)
π˜−1(ξˆh). (12.19)
Let π : E → C∞(TM) denote the projection map, and for each ξ ∈
C∞(TM) let Eξ = π
−1(ξ) denote the set of connective lifts extending
ξh. Let us describe the sets Eξ more concretely. Given ξˇ = (ξ
h,Θξˇ) ∈
Eξ, for each object Q ∈ G(U) and each local section µ of A(Q), define
a 1-form aξˇ(µ) by
aξˇ(µ) = AΘξˇ(µ)(ιξ[µ]). (12.20)
The relations
Θξˇ(µ+ α) = Θξˇ(µ)−£ξα (12.21)
together with the Cartan formula for the Lie derivative imply that for
each 1-form α we have
aξˇ(µ+ α) = aξˇ(µ)− ιξdα. (12.22)
Equivalently, we have an isomorphism of iΩ1U -torsors
− ιξd[A(Q)]
∼=
// iΩ1U . (12.23)
In addition, one can check directly that given ψ : Q→ R we have
aξˇ(µ) = aξˇ(ψ∗µ), (12.24)
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and that given an inclusion i : V → U , we have
aξˇ(i
∗µ) = aξˇ(µ)|V . (12.25)
Unwinding definition (B.17) we see that the conditions (12.24) and
(12.25) imply that the assignment (12.20) is equivalent to a 2-morphism
from ιξd[A] to the constant 1-morphism G → B(iΩ
1
M ) taking every
Q ∈ G(U) to the trivial iΩ1U -torsor.
7.
Proposition 12.26. The correspondence ξˇ 7→ aξˇ defines a bijection
between Eξ and the set of 2-morphisms
− ιξd[A]
∼=
+3 iΩ1, (12.27)
where iΩ1 denotes the constant 1-morphism taking every Q ∈ G(U) to
iΩ1U .
Proof. By definition, an element of Eξ is an equivalence
Θξˇ : £−ξ[A]
∼=
+3 A0(Fξˆh ) = −d[Fξˆh ], (12.28)
where by definition
Fξˇh = ιξ[A]. (12.29)
Suppose we are given an equivalence
aξˇ : −ιξd[A]
∼=
+3 iΩ1M (12.30)
as in the proposition. Then applying proposition (4.17) repeatedly we
can construct an equivalence
£−ξ[A]
∼=
+3 − ιξd[A]⊞ (−dιξ[A])
∼=
+3 iΩ1M ⊞ (−dιξ[A]) (12.31)
∼=
+3 − dιξ[A]
∼=
+3 A0(Fξˇh).
By corollary (10.46) the set Eξ is a torsor for the group of global
1-forms on M ; on the other hand, it is not hard to see that the set of
2-morphisms described in the proposition is also a torsor for 1-forms
and that the map taking aξˇ to Θξˇ is by construction a morphism of
torsors. This map is therefore both one-to-one and onto.
Using the characterization of sections of E given in proposition
(12.26), we can now endow E with several interesting algebraic struc-
tures. Given an element ξˇ of Eξ, let aξˇ denote the corresponding
7For comparison, see remark (9.25)
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function satisfying (12.22), (12.24) and (12.25). Given ξˇ, ηˇ ∈ E, we
define ξˇ + ηˇ by
aξˇ+ηˇ = aξˇ + aηˇ, (12.32)
and given f ∈ C∞(M), we define f ξˇ by
afξˇ = faξˇ. (12.33)
It is then readily verified that aξˇ+ηˇ and afξˇ satisfy (12.22), (12.24)
and (12.25). Furthermore, we define 0 ∈ E0 to be the function taking
every local section µ of A(Q) to 0. Altogether E obtains the structure
of a C∞(M)-module. Furthermore, it is clear that the projection map
π : E → C∞(TM) is a map of modules. Therefore we obtain an
extension of modules
0 // iΩ1(M) // E // C∞(TM) // 0. (12.34)
Suppose we are given a curving K. If we then define
as(ξ)(µ) = −ιξK(µ), (12.35)
then it follows from definition (9.21) that as(ξ) satisfies condition (12.22).
Therefore a curving determines a splitting of the sequence (12.34).
We next construct a non-degenerate pairing 〈·, ·〉E on E. Given
aξˇ, aηˇ ∈ E locally over an open set U ⊂M by
〈aξˇ, aξˇ〉E |U =
1
2
(ιξaηˇ(µ) + ιηaξˇ(µ)), (12.36)
for µ is a global section of A(Q) for some Q ∈ G(U). By (12.22)
and (12.24), we see that (12.36) is independent of the choice of Q and
µ. Furthermore, if we cover M by open sets {Ui} such that G(Ui) is
non-empty for each i, then condition (12.25) implies that the local the
formula (12.36) is consistent with restrictions and we therefore obtain
a global function on M . Clearly 〈·, ·〉E is bilinear over functions and
symmetric. To see that it is also non-degenerate, suppose the for some
ξˇ ∈ E we have
〈ξˇ, ηˇ〉E = 0 (12.37)
for each ηˇ ∈ E. In particular, for each 1-form α on M , if we let η = 0
and ηˇ equal the image of α in E0, we have
1
2
ιξα = 0. (12.38)
Since this holds for arbitrary α we must have ξ = 0. Therefore ξˇ ∈ E0,
say ξˇ = β for β a 1-form. But equation (12.36) implies that β must
pair with each vector field trivially, and must therefore vanish.
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There is also a natural bracket on E. Given ξˇ, ηˇ ∈ E, define [ξˇ, ηˇ]E
by
a[ξˇ,ηˇ] = £ξaηˇ −£ηaξˇ −
1
2
dιξaηˇ +
1
2
dιηaξˇ. (12.39)
To verify that this does in fact define an element of E[ξ,η], note that
a[ξˇ,ηˇ]E (µ+ α)− a[ξˇ,ηˇ]E (µ) (12.40)
=− (£ξιηdα−£ηιξdα+
1
2
dιξιηdα −
1
2
dιηιξdα)
=− (£ξιηdα− ιηdιξdα+ dιηιξdα− dιηιξdα)
=− (£ξιηdα− ιη£ξdα)
=− [£ξ, ιη]dα
=− ι[ξ,η]dα.
Although it is possible to show directly that these structures satisfy
the compatibility conditions possessed by the sections of a Courant
algebroid, we will instead proceed by comparing our construction to
that in [15]. We introduce local trivializations {{Ui}, {Qi}, {sij}, {µi}
for (G,A) with corresponding Cech data ({gijk}, {Aij}). Recall from
§9 that we obtain Cech data for the horizontal lift of a vector field ξ
f ξˆ
h
ij = ιξAij . (12.41)
A simple calculation then shows that the collection8
(ξ, ιξAij , a
ξˇ
i ) (12.42)
is Cech data for a connective lift if and only if
aξˇj − a
ξˇ
i = −ιξdAij . (12.43)
In terms of the functions aξˇ given above, the 1-forms ai are given by
aξˇi = aξˇ(µi). (12.44)
Therefore in the Cech picture the pairing is given by
〈(ξ, ιξAij , a
ξˇ
i ), (η, ιηAij , a
ηˇ)〉E =
1
2
(ιξa
ηˇ + ιηa
ξˇ), (12.45)
and the bracket by [(ξ, ιξAij , a
ξˇ
i ), (η, ιηAij , a
ηˇ] =
([ξ, η], ι[ξ,η]Aij ,£ξa
ηˇ
i −£ηa
ξˇ
i −
1
2
dιξa
ηˇ
i +
1
2
ιηa
ηˇ
i ). (12.46)
8To avoid notational clutter, we will surpress the brackets around f ξˇij and a
ξˇ
ij .
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We see that these are exactly the formulas used to define the Courant
algebroid structure in §12.1.
In [21] it was shown that any Courant algebroid E gives rise to an
L∞-algebra. Moreover, as pointed out in [19], this L∞-algebra can be
restricted to one with 2-terms, which we call LE.
Definition 12.47. In terms of local trivializations {{Ui}, {Qi}, {sij}, {µi}},
the 2-term L∞-algebra LE = {W0 ⊕W1, d, [·, ·], Jac} is given by
1. W0 = C
∞(E), W1 = C
∞(iRM ).
2. d :W1 →W0 is given by
f 7→ (0, ai = df |Ui). (12.48)
3. [·, ·] : W0 ×W0 → W0 is given by the Courant bracket. Given
(ξ, ai) ∈W0 and f ∈ W1, we define
[(ξ, ai), f ] = −[f, (ξ, ai)] =
1
2
ξ · f. (12.49)
4. Jac(A,B,C) = − 13Nij(A,B,C).
Suppose that we are given two sections ξˆ, ηˆ of the Courant algebroid
E, as described by Cech data. In particular, ξˆ and ηˆ are elements of
the category L(gijk,Aij), and we can take their bracket [ξˆ, ηˆ] as de-
scribed in equation (10.47). This yields another connective lift which
is not in general a section of E. On the other hand, as discussed above
the Courant bracket of ξˆ and ηˆ does define another section of E. Al-
though these two brackets are not equal, they are related by a natural
isomorphism. The following theorem explains this relationship in the
language of L∞-algebras.
Theorem 12.50. Let E be the Courant algebroid constructed above.
Then there is an isomorphism of 2-term L∞ algebras
Φ : LE
∼=
// L(gijk ,Aij). (12.51)
Proof. First, we define a degree 0 chain map φ0 :W0 → V0. In degree
0 we define
φ0 : (ξ, {aj}) 7→ (ξ, {ιξAij}, {ai}); (12.52)
by our earlier discussion right-hand side defines an object of L(gijk ,Aij).
In degree 1 we define φ0 to be the identity map on C
∞(iRM ). The
verification that φ0 is a chain map is trivial.
Given x = (ξ, {ai}) and y = (η, {bi}), note that
φ([x, y]) = φ([ξ, η], {£ηbi −£ξai −
1
2
dιηbi +
1
2
dιηai}) (12.53)
= ([ξ, η], {ι[ξ,η]Aij}, {£ηbi −£ξai −
1
2
dιηbi +
1
2
dιηai}).
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On the other hand we have
[φ(x), φ(y)] = ([ξ, η], {ξ · (ιηAij)−η · (ιξAij)}, {£ξbi−£ηai}). (12.54)
Using the formula
ιηιξAij = ξ · (ιηAij)− η · (ιξAij)− ι[ξ,η]Aij , (12.55)
we therefore have
φ([x, y]) − [φ(x), φ(y)] = (0, {−ιηιξAij}, d(−
1
2
ιξbi +
1
2
ιηai}). (12.56)
If we then define
φ2 : C
∞(E)× C∞(E)→ C∞(iRM ) (12.57)
(ξ, {ai}), (η, {bi}) 7→ {−
1
2
ιξbi +
1
2
ιηai}, (12.58)
a simple computation shows that
dφ2(x, y) = φ([x, y]) − [φ(x), φ(y)] (12.59)
for all x, y ∈ C∞(E). To finish the proof that Φ = (φ, φ2) defines a
homomorphism of L∞-algebras, we need to verify that equation (2) in
definition (9.31) holds. We omit this computation, which is somewhat
tedious but straightforward.
A Appendix
In this appendix we discuss smooth families of symmetries of gerbes
and their relationship to infinitesimal symmetries. This gives a direct
connection between equivariant gerbes and the infinitesimal symme-
tries explored in this paper. We consider both gerbes with and without
connective structures.
A.1 Gerbes without connective structures
Let Φ be a 1-parameter family of diffeomorphisms of M generated by
a vector field ξ. We now explain how a family of symmetries of G
lifting Φ gives rise to an infinitesimal symmetry of G lifting ξ via a
process analogous to differentiation. The local version of this functor
was discussed in §7
Let us briefly return to the case where P is a principal circle bundle
overM . Given any diffeomorphism ϕ of M , we can form the pull-back
ϕ∗E. By definition, for eachm ∈M the fiber (ϕ∗E)m can be identified
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with the fiber Eϕ(m), and a symmetry of E lifting ϕ is equivalent to
an isomorphism E
∼=
// ϕ∗E. More generally, given a smooth family
of diffeomorphisms
Φ :M × R→M, (A.1)
a smooth family of symmetries of E lifting Φ is equivalent to an iso-
morphism
Φˆ : p∗1E → p
∗
0E (A.2)
of bundles overM1 =M×R, where as discussed in §2 p0 = Φ and p1 is
projection onto M . Equivalently, the isomorphism Φˆ may be encoded
as a global section of the bundle
δE = p∗0E ⊗ p
∗
1E
∨. (A.3)
To generalize to gerbes, recall from §4, that in addition to forming
the inverse image of a gerbe, we may define the tensor product of
two gerbes and the dual G∨ of a gerbe G using the associated gerbe
construction. Thus we may define a gerbe
δG = p∗0G ⊗ p
∗
1G
∨ (A.4)
over M1. Recall also from §2 that for each open set U ∈M we define
an open set
ν(U) = p−10 (U) ∩ p
−1
1 (U) ⊂M
1. (A.5)
Given any sheaf F over M1, we can define a sheaf ν∗F over M by
ν∗F(U) = F (ν(U)) (A.6)
for any open set U ⊂M ; note that this definition makes sense both for
sheaves taking values in a category (e.g. the category of groups) and
for gerbes. We can also define a homomorphism of sheaves of groups
over M
δT : TM → ν∗(TM1) (A.7)
by
δTg = (p
∗
0g)(p
∗
1g
−1). (A.8)
Remark A.9. By construction we have a canonical morphism of gerbes
δG : G → ν∗δG (A.10)
intertwining δT.
Definition A.11. The category of smooth familes of symmetries of G
lifting Φ is the category LG(Φ) of global sections of δG over M .
Remark A.12. Definition (A.11) is similar to that of an R-equivariant
gerbe over M ; see [8], [12], [16] for general discussions of equivariant
gerbes. In particular, an extension of G to an R-equivariant gerbe
gives an example of a symmetry of G lifting Φ in the sense of definition
(A.11).
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A.2 The differentiation functor
We now explain the construction of a functor LG(Φ) to LG(ξ), the
category of global infinitesimal symmetries of G lifting the vector field
ξ. Our approach parallels the discussion in §2; in particular the reader
may find it useful to compare the constructions in this section to the
derivation of equation (2.6).
Given Φˆ ∈ LG(Φ) will construct D(Φˆ) = Fξˆ as a composition of 1-
morphisms which are described in the following lemma. The existence
of these 1-morphisms is a straightforward consequence of the definitions
in appendix B, and the proof will be omitted.
Lemma A.13. (1) Let S be a global section of a DD gerbe G over a
manifold M . Then there is a 1-morphism of gerbes (intertwining
the identity on TM )
Hom(·, S) : Gop → B(TM ) (A.14)
sending
Q 7→ Hom(Q,S|U ) (A.15)
for each local section Q ∈ G(U). Moreover, the assignment
S 7→ Hom(·, S) (A.16)
defines an equivalence of categories
Γ(G)
∼=
// Hom(Gop,B(TM )), (A.17)
where Γ(G) denotes the category of global sections of G.
(2) Let i : N → M be the inclusion of a submanifold. Then there is
a restriction 1-morphism
i∗[·] : B(iRM )→ i∗B(iRN ) (A.18)
intertwining the restriction homomorphism
iRM → i∗iRN (A.19)
sending f ∈ iRM (U) to the restriction of f to U ∩N .
Notation A.20. For convenience, let d
dt
log : TM1 → TM1 denote the
homomorphism given by
g 7→ ι d
dt
d log g. (A.21)
Remark A.22. Recall from the discussion before definition (5.23) that
there is a canonical equivalence
Homιξd log(G
op,B(iRM ))
∼=
// Hom−ιξd log(G,B(iRM )) (A.23)
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which is actually a bijection on the level of both objects and mor-
phisms. For convenience we will work here with Homιξd log(G
op,B(iRM )),
which we will call L˜G(ξ).
Definition A.24. D : LG(Φ)
op → L˜G(ξ) is the functor
S 7→ i∗[
d
dt
log[Hom(δ(·), S)]] (A.25)
for S ∈ Γ(δG) = LG(Φ).
Remark A.26. More formally, for each S ∈ Γ(δG), D(S) is the compo-
sition of 1-morphisms
Gop
Φ1
// ν∗(δG
op)
Φ2
// ν∗B(TM1)
Φ3
// ν∗B(iRM1)
Φ4
// B(iRM ).
(A.27)
Here Φ1 is the 1-morphism described in remark (A.9), Φ2 is ν∗ ap-
plied to the 1-morphism Hom(·, S) described in part (1) lemma (A.13),
Φ3 is ν∗(
d
dt
log)[·]. Φ4 is given by applying ν∗ to the restriction 1-
morphism described in part (2) of A.13; note that Φ4 is a 1-morphism
from
ν∗B(TM1)→ ν∗i∗B(iRM ) = B(iRM ). (A.28)
We must check that D(S) does in fact intertwine the homomor-
phism ιξd log. The composition Φ2 ◦ Φ1 intertwines
δT : TM → ν∗TM1 . (A.29)
Φ3 intertwines ν∗
d
dt
log, and Φ4 intertwines the restriction homomor-
phism ν∗TM1 → TM . Let ζ denote the composition
i∗ ◦ ν∗(
d
dt
log) ◦ δT : TM → iRM . (A.30)
Given g : U → T we have
ζ(g) =
d
dt
log(g(p0)g
−1(p1))|U . (A.31)
More concretely, the value of ζ(g) on x ∈ U is given by
d
dt
|t=0 log(g(ϕt(x))g
−1(x)) (A.32)
=
d
dt
|t=0 log(g(ϕt(x))
=ιξd log(g)(x).
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A.3 Gerbes with connective structures
In section 11 we discussed families of connective symmetries of a gerbe
G with connective structure A using relative 1-forms. To explain why,
let us briefly turn to the case of a T-bundle E →M with connection Θ.
Given a symmetry Φ : E → E covering ϕ : M →M , Φ is a symmetry
of the pair (E,Θ) if
Φ∗Θ = Θ, (A.33)
where Θ is viewed as a 1-form on the total space of E. Given a family
of symmetries {Φt} covering {ϕt} (or more generally any Lie group of
symmetries G), there are two possible ways in which we might wish
{Φt} to be compatible with Θ. On the one hand, we might ask that
for each t, Φt is a symmetry of (E,Θ). In terms of the vector field ξˆ
corresponding to {Φt}, this is equivalent to requiring
£ξˆΘ = 0. (A.34)
On the other hand, we might want a definition such that, in the good
case that the quotient of M by the symmetry is a manifold, a lift
of {ϕt} to (E,Θ) is equivalent to a bundle with connection over the
quotient M/R. In this case, in addition to requiring (A.34), we must
also have
ιξˆΘ = 0. (A.35)
This distinction can be understood in the simplicial language in-
troduced in the previous section. Recall that a 1-parameter family of
symmetries {Φt} of E covering {ϕt} is equivalent to a global section
S of δE = (p−11 E)
∗ ⊗ p−10 E over M
1. The connection Θ on E deter-
mines a connection δΘ over δE, and conditions (A.34) and (A.35) are
satisfied if and only if
α = AδΘS = 0, (A.36)
i.e. if and only if the section S is flat. On the other hand, the condition
(A.34) by itself holds if and only if the restriction of α toMt =M×{t}
vanishes for each t, i.e. if and only if the relative 1-form determined
by α is zero.
In this paper we will be interested only in the condition (A.34) and
the analogous notion for gerbes9. We can define a relative connective
structure on a gerbe over M × R by replacing 1-forms with relative
1-forms in definition (9.8).
Let us generalize definition (A.11) to the situation where G has a
connective structure A. We first observe that the gerbe δG over M1
naturally inherits a relative connective structure, which we denote δA.
We will sketch the construction, which is similar to that on page 211
9For a discussion of the relationship between equivariant gerbes and gerbes over quo-
tients, see [12].
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of [7]. For the related notion of an equivariant gerbe with connective
structure, we refer the reader to [7] and [12]. By construction, given
local sections Q0 ∈ G(U0) and Q1 ∈ G(U1), we have an object
p∗0Q0 ⊗ p
∗
1Q
∨
1 (A.37)
of δG. We then define δA(p∗0Q0 ⊗ p
∗
1Q
∨
1 ) to be
q[p∗0A(Q0)⊟ p
∗
1(Q1)], (A.38)
where q : iΩ1M1 → iΩ
1
M1,rel is the quotient map. We then complete
the construction of δA using the fact that every object of δG is locally
isomorphic to one of the form (A.37). Note that for every object Q ∈
G(U) and every connection µ ∈ A(Q), we obtain a relative connection
on δQ, which we denote by δµ. Furthermore, given any 1-form α ∈
iΩ1(U) we have
δi(µ+ α) = δi(µ) + p∗0α− p
∗
1α, (A.39)
where the relative 1-forms on the right hand side are implicitly re-
stricted to the appropriate open set. More formally, we have the fol-
lowing.
Lemma A.40. There is a 2-morphism
δiΩ1
rel
[A]⇒ ν∗(δA). (A.41)
Definition A.42. A connective lift of Φ to G is a pair (S, µS), where
S is a global section of δG, and µS is a global section of δA(S). Given
another connective lift (S′, µS′), an equivalence of connective lifts from
(S, µ) → (S′, µS′) is an isomorphism τ : S → S
′ such that τ∗(µS) =
µS′ . We will denote the corresponding category by L(G,A)(Φ).
In the previous section we constructed a functor from the category
of 1-parameter lifts of Φ to G to the category of global lifts of the
corresponding vector field ξ to G, or rather to the equivalent category
L˜G = Homιξd log(G
op,B(iRM ). (A.43)
Suppose G has a connective structureA, which we recall is a 1-morphism
from G to B(iΩ1M ) intertwining −dlog. Equivalently, A determines a
1-morphism
A˜ ∈ Homd log(G
op,B(iΩ1M )). (A.44)
We may then define the category L˜(G,A) which is equivalent to the
category of connective lifts L(G,A). An object of L˜(G,A) is an element
Fξˆ ∈ L˜G together with a 2-morphism Θξˆ : −£ξ[A˜]
∼=
+3 A˜0iRM
◦ Fξˆ.
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Recall from part (1) of lemma (A.13) that for each global section
S of δG over M × R, we have a 1-morphism of gerbes
Hom(·, S) : δGop → B(TM1). (A.45)
Furthermore, if we fix µS ∈ δA(S), then for every object P ∈ δG(U)
and every relative connection µ ∈ δA(P ), we obtain a relative connec-
tion on Hom(P, S). This connection, which we denote by µS − µ, is
described explicitly as follows: given a local section ψ ∈ Hom(P, S),
define
AµS−µ(ψ) = µS − ψ∗µ, (A.46)
where by definition the right hand side is the unique 1-form α such
that µS = ψ∗µ+ α.
Next, given a relative connection Θ on a T-bundle E → U ⊂ M1,
recall from remark (11.8) that we can construct a (relative) connection
on ι d
dt
d log[E], which we call £ d
dt
(Θ). This is characterized by the
formula
A£ d
dt
(Θ)(ι d
dt
d log[σ] + f) = £ d
dt
AΘ(σ) + df. (A.47)
Finally, note that given a relative connection Θ on a principal T-bundle
P over some open set U ⊂M×R, we can restrict Θ to a connection on
the restriction of P to U∩(M×{0}). The following lemma summarizes
the above discussion in more formal language.
Lemma A.48. (1) Let S be a global section of δG over M1, and
let Hom(·, S) : δGop → B(TM1) be the 1-morphism described in
(A.13). For fixed µS ∈ δA(S), there is a 2-morphism
− 1[A˜]
∼=
+3 A˜0TM1 ,rel ◦Hom(·, S) (A.49)
given by formula (A.46).
(2) There is a 2-morphism
£ d
dt
(·) : £ d
dt
[A˜0TM1 ,rel]
∼=
+3 A˜0iRM1 ,rel ◦
d
dt
log[·]. (A.50)
(3) There is a 2-morphism
i∗[A˜0TM1 ,rel]
∼=
+3 i∗(A˜
0
TM
◦ i∗[·]). (A.51)
Recall the construction of the functor D : LG(Φ) → LG(ξ) in defi-
nition (A.24): for each global section S ∈ LG(Φ) of δG, we constructed
the corresponding infinitesimal lift Fξˆ = D(S) as a composition of
1-morphisms
Gop
Φ1
// ν∗(δG)
Φ2
// ν∗B(TM1)
Φ3
// ν∗B(iRM1 )
Φ4
// B(iRM ).
(A.52)
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Now, given (S, µS) ∈ L(G,A)(Φ), we wish to construct a 2-morphism
Θξˇ : −£ξ[A˜]→ A˜
0
iRM
◦ Fξˆ (A.53)
To do so, consider the diagram
Gop
A˜
//
Φ1
 #+
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
OO
B(iΩ1M )
δiΩ1

ν∗(δG
op)
ν∗δA˜
//
Φ2
 #+
OO
OO
OO
OO
OO
O
OO
OO
OO
OO
OO
O
ν∗B(iΩ
1
M1,rel)
id

ν∗B(TM1)
ν∗A˜
0
T
M1
,rel
//
Φ3
 #+
OO
OO
OO
OO
OO
O
OO
OO
OO
OO
OO
O
ν∗B(iΩ
1
M1,rel)
£ d
dt
[·]

ν∗B(iRM1)
ν∗A˜
0
ıR
M1
,rel
//
Φ4
 #+
OO
OO
OO
OO
OO
O
OO
OO
OO
OO
OO
O
ν∗B(iΩ
1
M1,rel)
i∗[·]

B(iRM )
A˜0iRM
// B(iΩ1M ).
(A.54)
In this diagram double arrows denote the 2-morphisms from lemma
(A.40) and lemma (A.48). The counter-clockwise composition of the
outer arrows from Gop to B(iΩ1M ) is by definition
A˜0iRM ◦ Fξˆ. (A.55)
On the other-hand, consider the vertical composition of 1-morphisms
from B(iΩ1M ) in the upper right-hand corner to B(iΩ
1
M ) in the lower
right-hand corner, which we call Ψ. By composing 2-morphisms we
obtain a 2-morphism
Ψ ◦ A˜
∼=
+3 A˜0iRM ◦ Fξˆ. (A.56)
Note that Ψ intertwines
− i∗ ◦£ d
dt
◦ δiΩ1 : iΩ
1
M → iΩ
1
M . (A.57)
By definition, this takes a 1-form α on an open set U ⊂M to
− (£ d
dt
(p∗0α− p
∗
1α))|U = −£ξα. (A.58)
Therefore, by proposition (4.17) we have a canonical 2-morphism from
−£ξ[·]
∼=
+3 Ψ. (A.59)
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Combining this 2-morphism with the 2-morphism (A.56), we obtain
the desired 2-morphism
−£ξ[A]
∼=
+3 A0iRM ◦ Fξˆ. (A.60)
If we denote this 2-morphism by Θξˇ, it is straightforward to check that
the assignment D : (S, µS) 7→ (Fξˆ,Θξˇ) is functorial.
B Appendix
In this section we recall the precise definition of the 2-category of stacks
over a manifold M . We then use these definitions to prove theorems
(6.17) and (10.45).
B.1 Gerbes as sheaves of groupoids
Definition B.1. LetM be a smooth manifold. A presheaf of groupoids
G over M consists of the following.
1. For every open set U ⊂M , a groupoid G(U).
2. For every inclusion of open sets i : V → U , a functor i∗ : G(U)→
G(V ).
3. For every sequence of inclusions of open sets
W
j
// V
i
// U (B.2)
a natural transformation αi,j : j
∗i∗ ⇒ (ij)∗, such that for every
sequence of inclusions
T
k
// W
j
// V
i
// U (B.3)
the diagram
k∗j∗i∗
1k∗∗αi,j
+3
αj,k∗1i∗

k∗(ij)∗
1k∗αij,k

(jk)∗i∗
αi,jk
+3 (ijk)∗
(B.4)
commutes.
Notation B.5. The notation used in diagram (B.4) is the following:
given categories A,B,C, functors F,G : A → B, H, I : B → C and
natural transformations α : F ⇒ G, β : H ⇒ I, we denote by β ∗ α :
HF ⇒ IG the horizontal composition of β with α.
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Notation B.6. When we wish to be more explicit, we will sometimes
label the functors i∗ and the natural transformations αi,j by G; thus a
presheaf G consists of a triple {{G(U)}, {i∗G}, {αG,i,j}} subject to the
conditions given in (B.1).
Remark B.7. Let Open(M) denote the category whose objects are
open subsets of M , and whose morphisms are inclusions. Then we
can state definition (B.1) more succinctly by saying that a presheaf
of groupoids over M is a pseudo-functor from Open(M)op to the 2-
category Gpd of groupoids, where the former is thought of as a 2-
category with only identity 2-morphisms (for the relevant definitions
see [5]).
Given an open subset U ⊂ M and objects P,Q ∈ G(U), it is an
easy consequence of definition (B.1) that there is a presheaf (of sets)
Hom(P,Q) over U which assigns to each inclusion i : V →֒ U the set
Hom(i∗P, i∗Q). The presheafG is said to be a prestack if Hom(P,Q) is
a sheaf for all open sets U and all objects P and Q. We are interested
in prestacks that satisfy an additional gluing property. Let {Ui} be an
open cover of an open subset V ⊂M , and denote the n-fold intersection
Ui1 ∩ · · · ∩ Uin by Ui1···in . Let {Qi} ∈ G(Ui) and sij : Qi|Uij → Q|Uij .
Note that on triple intersection Uijk, we have two morphisms from
Qi|Uijk → Qj|Uijk . On the one hand, we can compose
Qi|Uijk
∼=
// (Qi|Uik)|Uijk
sik|Uijk
// (Qk|Uik)|Uijk
∼=
// Qk|Uijk , (B.8)
where the first an last isomorphisms are constructed using the natu-
ral transformations α described in definition (B.1). Similarly, we can
first use sij to obtain a morphism from Qi|Uijk to Qj |Uijk , and then
compose with the morphism from Qj|Uijk to Qk|Uijk determined by
sjk. We say that the collection {Qi} {sij} satisfies the descent condi-
tion if these two morphisms are equal for each i, j, k. From now on,
for notational simplicity we suppress the restriction maps and natural
transformations (see remark 1.2 in [14]) and simply write the descent
condition as
sjk ◦ sij = sik. (B.9)
Similarly, given another collection {{Q′i}{s
′
ij}} satisfying the descent
condition, we say that a collection of morphisms {ψi : Qi → Q
′
i} satisfy
the descent condition if we have
ψjsij = s
′
ijψi (B.10)
on double overlaps. Overall we obtain a descent category Desc(G, {Ui}).
It is not hard to construct a restriction functor from G(U)→ Desc(G, {Ui})
using the structure described in definition (B.1).
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Definition B.11. A prestack G is a stack if for each open set V ⊂
M and each open cover {Ui} of V , the restriction functor G(V ) →
Desc(G, {Ui}) is an equivalence of categories.
Definition B.12. Let G and G′ be presheaves of groupoids over M . A
1-morphism Φ : G → G′ consists of the following.
1. For every open set U ⊂M , a functor ΦU : G(U)→ G
′(U).
2. For every inclusion of open sets i : V → U , a natural transfor-
mation
Φi : i
∗
G′ΦU ⇒ ΦV i
∗
G , (B.13)
such that for every sequence of inclusions
W
j
// V
i
// U (B.14)
the diagram
j∗G′ i
∗
G′ΦU
1j∗
G′
∗Φi
+3
αG′,i,j∗1ΦU

j∗G′ΦV i
∗
G
Φj∗1i∗
G
+3 ΦW j
∗
Gi
∗
G
1ΦW ∗αG,i,j

(ij)∗G′ΦU Φij
+3 ΦW (ij)
∗
G
(B.15)
commutes.
Remark B.16. In the language of 2-categories, definition (B.12) says
that a 1-morphism from G to G′ is a pseudo-natural transformation
between the pseudo-functors corresponding to G and G′(again, see [5]).
Definition B.17. Let G, G′ be presheaves of groupoids over M , and
let Φ,Ψ : G → G′ be 1-morphisms. A 2-morphism τ : Φ ⇒ Ψ is a
collection of natural transformations τ(U) : ΦU ⇒ ΨU for every open
set U ⊂ M , such that for each inclusion of open sets i : V →֒ U the
diagram
i∗G′ΦU
1i∗
G′
∗τ(U)

Φi
+3 ΦV i
∗
G
τ(V )∗1i∗
G

i∗G′ΨU Ψi
+3 ΨV i
∗
G
(B.18)
commutes.
Remark B.19. Again in the language of 2-categories, a 2-morphism
from Φ to Ψ is a modification of pseudo-natural transformations.[5]
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B.2 Proofs of theorems (6.17) and (10.45).
Proof of (6.17): It will be more convenient to construct equivalences
Γ : Lgijk (ξ)→ L˜G(ξ) (B.20)
for each vector field ξ, where we recall from appendix A that
L˜G(ξ) = Homιξd log(G
op,B(iRM )) (B.21)
is the category of contravariant functors from G to B(iRM ) intertwining
ιξd log. We may then use the canonical equivalence between L˜G(ξ) and
LG(ξ).
Given an object {f ξˆij} ∈ Lgijk (ξ), let us first construct an object
Fξˆ = Γ({f
ξˇ
ij}) ∈ L˜G(ξ). Given an open set V ⊂ M and P ∈ G(V ), let
Vi = V ∩ Ui, Pi = P |Vi , Ei(P ) = Hom(Pi, Qi|Vi), and
Fi(P ) = ιξd log[Ei(P )]. (B.22)
Using the natural isomorphism Pi|Vi∩Vj
∼=
// Pj |Vi∩Vj and the mor-
phisms sij : Qi → Qj we obtain isomorphisms
10
(sij)∗ : Ei(P )→ Ej(P ). (B.23)
If we then define
ζij = ιξd log[(sij)∗]− f
ξˆ
ij : Fi(P )→ Fj(P ), (B.24)
it follows from (6.3) and (6.8) that the the morphisms {ζij} satisfy the
descent condition, and we therefore define Fξˆ(P ) ∈ ToriRV to be the
torsor obtained by gluing. Similarly, given a morphism ψ : P → P ′ in
G(U), the morphisms
ιξd log[ψ
∗] : Fi(P
′)→ Fi(P ) (B.25)
glue to give a morphism Fξˆ(ψ) : Fξˆ(P
′) → Fξˆ(P ), and for each T-
valued function g we have Fξˆ(ψ · g) = Fξˆ(ψ) + ιξd log(g). It is then
straightforward to construct the restriction natural isomorphisms Fξˆ,i
described as part of definition (B.12). Thus, given {f ξˆij} ∈ Lgijk (ξ), we
have produced a lift Fξˆ = Γ({f
ξˆ
ij}) ∈ L˜G(ξ).
Next, given an isomorphism {ui} from {f
ξˆ
ij} to {f
ξˆ′
ij } in Lgijk , we
wish to produce an isomorphism Γ({ui}) : Fξˆ
∼=
// Fξˆ′ . For each i,
10for notational simplicity, from now one we will supress writing restriction maps ex-
plicitly.
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let (τP )i be the automorphism of the iRVi -torsor ιξd log[Ei(P )] cor-
responding to the function ui|Vi . It then follows from equation (6.10)
that the diagram
ιξd log[Ei(P )]
ζij
//
(τP )i

ιξd log[Ej(P )]
(τP )j

ιξd log[Ei(P )]
ζ′ij
// ιξd log[Ej(P )]
(B.26)
commutes, so that the morphisms (τP )i satisfy the descent condition
(B.9) and thus glue to define an isomorphism (τ)P : Fξˆ(P )
∼=
// Fξˆ′(P ).
It is easily checked that this isomorphism is natural in P , so that the
condition (B.18) is satisfied, and that Γ is functorial.
To verify that Γ is an equivalence of categories, we must check that
it is both essentially surjective and fully faithful. Given Fξˆ ∈ LG(ξ),
choose local trivializations {ri} with corresponding Cech data idefined
by
Fξˆ(sij)(rj) = ri + f
ξˆ
ij . (B.27)
Let F ′
ξˆ
= Γ({f ξˆij}). For each object P ∈ G(U), we wish to define
isomorphisms
τP,i : Fξˆ(P )→ Fi(P ) (B.28)
such that on overlaps Uij we have
Fξˆ(P )
τP,j
$$H
HH
HH
HH
HH
τP,i
// Fi(P )
ζij

Fj(P ).
(B.29)
To do so, for each i choose ψi : P → Qi, and let τP,i be the unique
morphism
Fξˆ(P )→ Fi(P ) = ιξd log[Hom(P,Qi)] (B.30)
taking
Fξˆ(ψ)(ri) 7→ ιξd log[ψ]. (B.31)
To see that this is independent of the choice of ψ, a simple computation
shows that for each T-valued function h we have
τP,i(Fξˆ(ψ · h)(ri)) = ιξd log[ψ · h]. (B.32)
Similarly, it is easily checked that diagram (B.29) commutes. This
shows essentially surjectivity. Since any two objects in Lgijk are iso-
morphic, to show that Γ is fully faithful it is sufficient to check that for
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every object {f ξˆij} ∈ Lgijk that Γ induces a bijection from Aut({f
ξˆ
ij}) to
Aut(Γ({f ξˆij}). Let τ be an automorphism of Fξˆ = Γ({f
ξˆ
ij}). Then for
each object P ∈ G(U), τP corresponds to a function fP : U → iR via
the isomorphism αP in definition (4.2). Furthermore, given another ob-
ject Q ∈ G(V ), definition (B.12) implies that fP and fQ agree on their
common domain, and thus we obtain a global function fτ : M → iR;
conversely, given such a function, we can construct an automorphism of
Fξˆ. Finally, by construction it is clear that Γ : Aut({f
ξˆ
ij})→ Aut(Fξˆ)
is consistent with the identification of both groups with C∞M (iR), and
is therefore a bijection.
Proof of (10.45): We will use the same notation as that in the
proof of (6.17). Given (ξ{f ξˇij}, {ai}) ∈ L(gijk ,Aij), let Fξˇ = Γ((ξ, {f
ξˇ
ij})
be the (non-connective lift) constructed in the proof of (6.17)) from
(ξ, {f ξˇij}) In order to extend Fξˇ to a connective lift, for each P ∈ G(V )
and each µ ∈ A(P ), we must construct a connection Θξˆ(µ) on Fξˇ(P ).
Recall that Fξˇ(P ) is constructed by gluing the iRVi -torsors
Fi(P ) = ιξd log[Hom(P,Qi)] (B.33)
via maps ζij : Fi(P )→ Fj(P ). Thus to specify a connection on Fξˆ(P ),
we must specify connections νi on Fi(P ) such that on overlaps we have
νj = (ζij)∗νi. Using lemma (A.48), we obtain a connection µi−µP on
Hom(Qi, P ), and by lemma (10.6) we may define a connection νi on
Fi(P ) as
νi = £ξ(µi − µP ) + ai. (B.34)
We then have
(ζij)∗(νi) = (ιξd log[(sij)∗ − f
ξˇ
ij)∗(£ξ[µi − µP ] + ai) (B.35)
=A0iR(ιξd log[(sij)∗])£ξ(µi − µP ) + df
ξˇ
ij + ai
=£ξ((sij)∗(µi)− µP ) + df
ξˇ
ij + ai
=£ξ[µj −Aij − µP ] + df
ξˇ
ij + ai
=£ξ(µj − µP ) + aj − (aj − ai) + df
ξˇ
ij −£ξAij
=νj .
We then let Θξˇ(µ) be the connection obtained by gluing; by construc-
tion we have Θξˇ(µ+ α) = Θξˇ(µ)−£ξα. It is straightforward to check
that Θξˇ is compatible with restrictions and is suitably natural in P .
Next, suppose are given an isomorphism {ui} from ({f
ξˇ
ij}, {a
ξˇ
i}) to
({f ξˇ
′
ij }, {a
ξˇ′
i }). Recall from the proof of (6.17) that we obtain a mor-
phism Γ({ui}) : Fξˆ(P )→ Fξˆ′(P ) by letting each ui act as an automor-
phism of Fi(P ). The condition a
ξˇ′
i = a
ξˇ
i +dui implies that (ui)∗νi = ν
′
i
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for each i. Therefore Γ({ui})∗Θξˇ(µ) = Θξˇ′(µ), so that Γ({ui}) is com-
patible with the connections and thus defines a connective equivalence.
Mimicking the arguments used in the proof of (refcech equiv) above,
it is then easily checked that Γ is both essentially surjective and fully
faithful.
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